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THE FEBRUARY MEETING IN NEW YORK 


The two hundred forty-seventh regular meeting of the 
Society was held at Columbia University, New York City, 
on February 27. The attendance included the following 
forty-six members of the Society: 

C. R. Ballantine, J. P. Ballantine, A. A. Bennett, Brinkmann, B. H. 
Camp, Alonzo Church, L. W. Cohen, Fiske, Fite, Fort, R. M. Foster, 
Frink, Gafafer, Gill, Gronwall, C. C. Grove, Hedlund, Hille, Himwich, 
B. F. Kimball, Kormes, Langford, Langman, Lefschetz, Littauer, MacColl, 
Meder, Norwood, Pedersen, Pfeiffer, Pogo, C. L. Poor, Rainich, R. G. D. 
Richardson, Ritt, Schelkunoff, Seely, Siceloff, M. H. Stone, J. H. Taylor, 
Tyler, Veblen, Weida, Weiss, Whittemore, W. A. Wilson. 


There was no meeting of the Council or of the Trustees. 
Professor Bennett presided at the morning session, re- 


lieved by Professor Lefschetz. Dr. Gronwall presided at 
the afternoon session. 


Titles and ‘abstracts of the papers read at this meeting 


follow below. The papers of Adams, Cleveland, Dodd, 
Eisenhart, Franklin, Gehman, Hille (second paper), Holl- 
croft, Lubben, Mathewson, Moore, Walsh, and Whyburn 
were read by title. Mr. Smith was introduced by Professor 
Lefschetz, and Mr. Cleveland and Mr. Whyburn by Pro- 
fessor R. L. Moore. 


1. Professor C. L. Poor: A direct determination of the 
relativity formula for the “line element.” 


One of the fundamental equations of relativity dynamics is that for the 
“line element.” This is a particular solution of Einstein’s general equations 
and has been derived by Schwarzschild, Eddington, and others by algebraic 
processes involving the formulas of Riemann and Christoffel. This formula 
gives, for a body moving in a gravitational field, the value of a minute 
interval of local, relativity, time (ds) in terms of the equivalent interval of 
classical time (dt), and in terms of the coordinates and velocities of the 
body. In his original papers in the ANNALEN DER Puysik, Einstein gives 
definite formulas for the relations between measurements of time and 
space as made in classical units and in the special units of the general 
theory of relativity. Now the “line element” can be derived directly from 
these fundamental formulas, or assumptions, of Einstein by simple methods 
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of analytical geometry and the ordinary formulas of calculus. This method 
of deriving the equation brings out clearly its essential feature as a formula 
for transforming time intervals from one set of units to another set. 


2. Professor C. L. Poor: Note on the relativity formula 
for orbital motion. 


The differential equation for the orbital motion of a planet in relativity 
dynamics differs from the Newtonian equation by a small term which, it is 
claimed, indicates the necessity for a minute correction to Newton’s law 
of gravitation. This relativity equation, however, is derived directly from 
the formula for the “line element” and from two equations for the geodesic. 
And the orbital formula must of necessity involve and depend upon the 
assumptions, or premises, contained in these three equations, and it can 
involve no conclusion contrary to these premises. Now, one of the assump- 
tions thus used is the ordinary formula of classical mechanics for the 
constancy of areas, but expressed in relativity local time. The second 
equation of the geodesic combined with that of the “line element” involves 
and depends upon the law of inverse squares. Thus the orbital equation of 
relativity dynamics gives the motion of a planet under the Newtonian law 
of inverse squares in terms of “local” relativity units of measurement in 
place of the standard units of classical mechanics. The difference between 
the Einsteinian and the Newtonian formulas of orbital motion is one of 
units of measurement only, not one of different laws of gravitation. 


3. Mr. G. Y. Rainich: Radiation in curved space-time. 


The vector g previously introduced by the author and interpreted as 
indicating the presence of radiation is now considered to be zero throughout 
space-time with the exception of singular lines, where it is finite and along 
which it is constant. The possibility of treating such lines with the aid of 
residues is indicated. These singular lines represent light impulses and 
differ essentially from those representing particles of matter. The projec- 
tion of g on a time direction gives the frequency of light for observers at 
rest in the space perpendicular to this time direction. The relation of this 
vector g to the “vector quantum” is discussed. The points of view of wave 
motion and of emission seem to be reconciled. The singular lines considered 
are also characterized by the vanishing of w, also introduced before, which 
means that the electric and magnetic vectors are perpendicular and of equal 
length. A general form of the Riemann tensor which allows a two-parameter 
group of rotations is introduced. It is shown that in spaces which have such 
a Riemann tensor the vector g vanishes in regular domains and Maxwell’s 
equations are satisfied. 


4. Professor J. H. Taylor: Concerning a curvature tensor. 
Preliminary report. 


In this paper a tensor is developed which is associated with the system 
of equations d*x*/ds?-+ Ci(x, dx/dt) =0,i=1, 2, - - - , 2, where the functions 
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Ci are required to be homogeneous of degree two in the derivatives. The 
tensor obtained is a formal generalization of the curvature tensor of the 
geometry of paths, as it reduces to the latter when the functions C* are 
quadratic forms in dx/ds. 


5. Professor S. Lefschetz: On the singularities of algebraic 


surfaces and varieties. 


This paper deals with a new proof, much simpler than any yet given, of 
the theorem on the representation of the neighborhood of any singular 
point of an algebraic surface by means of a finite number of sets of power 
series. The theorem is also extended to any algebraic variety. 


6. Mr. P. A. Smith: The approximation of curves and sur- 
faces by algebraic curves and surfaces. 


It is shown in this paper that a simple closed curve in a plane may be 
represented by a converging polynomial series. The polynomials may be 
so chosen that by equating successive sums to zero, a sequence of non- 
singular algebraic ovals converging uniformly to the curve is obtained. 
This result is extended to a restricted class of closed (m —1)-dimensional 
manifolds in Sy. 


7. Dr. T. H. Gronwall: On the remainder term in the bi- 
nomial series. Second paper. 


In the author’s first paper with the above title, a form of the remainder 
terms was set up, and simple properties established for it inside the unit 
circle. This investigation is now extended to the entire plane cut along 
the real axis from +1 to +. 


8. Dr. J. P. Ballantine: A numerical method of solving 
differential equations with a remainder. 


It is shown how to form a table of difference quotients where the first 
order entries are alternately derivatives and differences. After the table 
is started each step consists in guessing the value of the next difference 
quotient of order three. From this, by the laws of the table, the next value 
of y is obtained. Now, knowing the value of x and y, the value of y’ is 
obtained from the differential equation. Again, by the laws of the table, 
the next third order difference quotient is obtained. By comparing the 
guessed entry and the resulting obtained entry, and by observing a simple 
rule, the guess may be corrected, the correction bringing about minor 
corrections in the dependent entries, so as to make the column of third 
order entries appear regular. An expression is obtained for an absolute 
upper bound of the error in a solution obtained in this way, involving the 
fourth order entries in the table and F,(x, y). In practice this method 
compares favorably with others in the following respects: (1) ease of 
computation; (2) possible length of stride; (3) cumulative error; (4) avail- 
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ability of the resulting function for interpolation; (5) flexibility for various 
required degrees of accuracy. The only disadvantage is with respect to 
starting. 


9. Dr. J. P. Ballantine: A lemma in n-space. 


In ~ and ¢ are two positive numbers, then there exists an integer m such 
that in all spaces of m or more dimensions if two vectors are drawn from 
the origin to random points of the unit hypersphere, then the probability 
is less than p that the absolute value of the cosine of the angle between 
the two vectors is greater than e. 


10. Dr. J. P. Ballantine: Measures of precision with weaker 
assumptions than usual. 


If nm measurements of a quantity are made, the n errors constitute the 
components of the error vector. It is assumed that (1) the norm of the 
error vector divided by m approaches a limit as increases; and (2) if the 
error vector is produced to cut the unit hypersphere, it cuts in a random 
point. From these two assumptions and the lemma of the preceding 
abstract, the usual formulas of precision are derived. The usual assumption 
in place of (2), expressed in terms of the error vector, in effect limits the 
point in which it cuts the hypersphere to one of m! points, one correspond- 
ing to each of the m! permutations of n errors of a “normal distribution.” 


11. Professor Einar Hille: On Laguerre’s series. Three 
notes. 


The formal expansions of the Fourier type in terms of generalized 


Laguerre polynomials 
n 


1 d 

n!} dx* 
of various classes of functions are investigated as to convergence and 
summability. In the first note the existence of null expansions is pointed 
out, which are either convergent or summable (C, k) with k>a+ 3. Further 
a theorem on Abel summability, due to Wigert in the case a =0, is extended 
to the general case a> —1. In the second note the convergence problem is 
attacked under rather general assumptions on the function which is to be 
expanded. The special case a =0 is treated in the third note with still less 
restrictive assumptions. 


12. Professor Einar Hille: A class of reciprocal functions. 
Supplementary note on the convergence of Hermitian series. 


Results communicated to the Society by the author at the summer 
meeting of 1925 are applied to the convergence problem of Hermitian 
series. } The conditions are slightly more general than those previously 
found by Weyl and Cramér. 
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13. Professor L. P. Eisenhart: Geometries of paths for 
which the equations of the paths admit n(n+1)/2 independent 
linear first integrals. 


Spaces of constant Riemannian curvature of m dimensions are charac- 
terized by the property that the equations of the geodesics admit linear 
first integrals involving n(m+1)/2 arbitrary constants. The present paper, 
as evidenced by the title, deals with spaces which are generalizations of 
spaces of constant curvature. It is found that these spaces are those pro- 
jective-plane spaces (in the sense of Weyl) for which the contracted curva- 
ture tensor Bh, is symmetric. It is shown also that a space of this type 
can be immersed in a plane space of +1 dimensions. This paper will 
appear in the TRANSACTIONS OF THIS SOCIETY. 


14. Professor T. R. Hollcroft: Self-dual space curves. 


In the transcript of a paper presented to the Society on May 2, 1925, 
which was concerned chiefly with self-dual plane curves, the final paragraph 
deals with self-dual space curves. In addition to this, the following have 
since been found: (1) singularity limits for self-dual space curves; (2) con- 
ditions on a plane curve that it be the projection of a self-dual space 
curve, and the condition on a space curve that its plane projection be 
self-dual; (3) conditions under which both the space curve and its plane 
projection curve are self-dual. In the last case it is found that on a quadric 
such curves exist only for the genus unity and the orders 8 to 21 inclusive. 
Similar limits are found for surfaces of higher order. 


15. Professor C. R. Adams: On the existence of solutions 
of a linear partial pure difference equation. 


The linear partial pure difference equation (1): f(x+1, y+1)= 
a(x, y) f(x, y), in which f(x, y) is to be determined, is carried by a simple 
linear transformation into the ordinary equation, containing a parameter, 
(2): g(z+1, ¢) =b(z, 5) g(z, §). If a(x, y) is a polynomial, b(z, £) will be 
likewise; let the latter be arranged according to descending powers of 2, 
the leading term being fo(¢)z". Equation (2) is satisfied formally by a 
series like that which satisfies the ordinary equation of first order without 
a parameter except that each constant (other than y) is here replaced by 
a rational function of ¢. This series is in general divergent. There exist, 
however, two solutions analytic for z in the entire finite plane and ¢ in any 
finite region S not containing a zero of po(¢), and asymptotically repre- 
sented, one in any left half, the other in any right half, of the z-plane, by 
the formal series, ¢ being in S. A thorough investigation of the equation of 
nth order of type (1) will presuppose a knowledge of the character of the 
solutions of the ordinary equation of uth order in the case in which the 
characteristic equation has multiple, infinite, or zero roots. A study of this 
preliminary problem is now in progress by the author. 
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16. Professor E. L. Dodd: The convergence of a general 
mean of measurements to the true value. 


This paper appears in full in the present issue of this BULLETIN. 


17. Professor J. L. Walsh: On the development of a func- 
tion of a complex variable by means of polynomials. 


The principal results of this paper are the following. If the function 
F(z) is continuous on the Jordan curve C in whose interior the point z=0 
lies, then on C the function F(z) is developable in a uniformly convergent 
series of polynomials in z and 1/z. If the function F(z) is continuous on an 
arc C’ of a Jordan curve, then on C’ the function F(z) is developable in a 
uniformly convergent series of polynomials in z. 


18. Professor Philip Franklin: The fundamental theorem 
of almost periodic functions of two variables. 


In a paper presented at the October meeting, the author began the 
extension of the theory of almost periodic functions of one variable, of 
Harold Bohr, to the corresponding functions of two variables. In this 
paper the theory is extended, and in particular a set of theorems leading 
up to the analogue of Parseval’s theorem for Fourier series, the fundamental 
theorem, are obtained. 


19. Professor L. C. Mathewson: A simple proof of a 
theorem of Kronecker’s. 


Ithough others had implied the following theorem, Kronecker was the 
first to give an explicit proof of it:* Every non-cyclic abelian group is the 
direct product of independent cyclic groups. The simple proof given in the 
present paper is obtained by use of the following lemma, which itself is 
readily established by mathematical induction: If G is an abelian group of 
order p (a prime) and s is an element of highest period in G, then G is the 
direct product of the cyclic group S generated by s, and a largest subgroup 
in G having only the identity in common with S; in other words, G is the 
direct product of S and G/S.f 


20. Professor R. L. Moore: Conditions under which the 
sum of an infinite number of continua 1s itself a continuum. 


In this paper it is shown that if, in space of two dimensions, G is an 
infinite collection of mutually exclusive continua, and M, the sum of these 
continua, is closed and bounded, and K is a bounded continuum which 
has at least one point in common with each continuum of G, then in order 
that M should be a continuum it is necessary and sufficient that it should 
be impossiblé to express the common part of K and M as the sum of two 


* BERLINER SITZUNGSBERICHTE, 1870, pp. 881-889. 
t Cf. Miller; Blichfeldt, and Dickson, Finite Groups, 1916, p. 88. 
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mutually exclusive closed point sets T; and T; such that no continuum of 
G contains both a point of 7; and a point of T2. It is shown, by an example, 
that this theorem does not remain true on the removal of the condition 
that M be bounded. 


21. Dr. H. M. Gehman: Some conditions under which a 
continuum ts a continuous curve. 


In this paper it is shown that a bounded continuum is a continuous 
curve if it can be expressed as the sum of a collection (C) of continuous 
curves, such that (1) at most a finite number are of diameter greater than 
any positive number, and (2) if (D) is any infinite collection of elements of 
(C), then some element of (C) has points in common with infinitely many 
of the elements of (D). A set of conditions of the same type are given 
under which every subcontinuum of the given continuum is also a con- 
tinuous curve. A number of examples are given to show the independence 
of the various conditions. 


22. Dr. H. M. Gehman: Some relations between a contt- 
nuous curve and its subsets. 


The author shows that if every proper subcontinuum of a continuum M 
is a continuous curve, then M is continuous curve. This shows that pseudo- 
Jordan curves, as defined by Yoneyama (T6HokU MATHEMATICAL JouR- 
NAL, vol. 12 (1917), p. 157) cannot exist. The following is an extension of 
a theorem due to R. L. Wilder (this BULLETIN, vol. 29 (1923), p. 118, first 


paper, Theorem 2): If N isa continuous curve which is a proper subset of 
a continuous curve M, then M—WN can contain at most a finite number of 
maximal connected subsets of diameter greater than any given positive 
number. 


23. Dr..H. M. Gehman: Irreducible continuous curves 
about a set of points. 


It is first shown that the conditions that a set be an irreducible con- 
tinuous curve about a set of points A, and that it be a continuous curve which 
ts an irreducible continuum about A, are equivalent. The following theorems 
are then proved: (1) If A is a closed subset of a continuous curve S, then 
S contains an irreducible continuous curve about A, if and only if every 
maximal connected subset of A is a continuous curve, and not more than a 
finite number are of diameter greater than any positive number. (2) If M 
is a continuous curve, the set which is irreducible with respect to the 
property of being a closed set about which M is an irreducible continuous 
curve, consists of all end points of M, all points on simple closed curves in 
M, and all limit points of these two sets. (3) A continuum M contains an 
irreducible continuous curve about every closed disconnected subset of M 
if and only if every subcontinuum of M is a continuous curve. (4) If M is 
an irreducible continuous curve about a closed set A, every subcontinuum 
K of M is connected im kleinen at every point not in A, and if K contains 


200 AMERICAN MATHEMATICAL SOCIETY [May-June, 


every point of a maximal connected subset C of A, then K is also connected 
im kleinen at all points of C. 


24. Dr. R. G. Lubben: The separation of plane point sets 
by curves. 


The author shows that if K and H are closed and bounded point sets 
whose common part is a totally disconnected point set T, and K is a 
continuum, then a necessary and sufficient condition that there exist a 
simple closed curve containing a subset of T but no point of K+J—T, and 
separating K —T from H —T, is the following: H-—T (1) is a subset of a 
complementary domain of K, and (2) is not separated by K near T. If 
it be assumed in addition that H is a continuum, then part (1) of the condi- 
tion is superfluous. If K, H, and T are point sets, the statement “H—KH 
is not separated by K near T”’ means that if P is a point of T and Cisa 
circle about P, there exists a circle C; with the same center such that any 
pair of points x and y of H—KH within C, can be joined by a connected 
point set which contains no points of K and is entirely within C. 


25. Dr. R. G. Lubben: Concerning connected plane point 
sets. 


The author shows that if T is a closed, totally disconnected subset of a 
bounded continuum K, S is the set of all points, and S—K is not separated 
by K near T, then K—T is connected. If G is a countable collection of 
mutually exclusive continua g1, ge, g3,*-+°, and M, the sum of all these 
continua, is closed and bounded, and K is a bounded continuum containing 
at least one point in common with each continuum of the collection G, 
and for each i, hy denotes the point set g;- (K—K- M)’, and H; isa 
continuum containing hy, then if the point set (K—K - M+2t=1 H;)’ is 
bounded, it is a continuum. The theorem is not true if the elements of G 
are not mutually exclusive or if their number is not countable. 


26. Mr. G. T. Whyburn: Some theorems concerning do- 


mains and their boundaries. 


In this paper the following theorems are proved: (1) In order that a 
bounded domain D have the property S* it is necessary and sufficient that 
every point of the boundary of D be accessible from all sides from. D in 
the sense of Schoenflies. (2) In order that the boundary M of a simply 
connected bounded domain be a continuous curve it is necessary and 
sufficient that every subcontinuum of M contain an uncountable set of 
points such that M is disconnected by the omission of any two of them. 
(3) The same condition as in (2) is sufficient (though not necessary) in 
order that any bounded continuum M be a continuous curve every sub- 
continuum of which is a continuous curve. (4) A point set K is not the 
common boundary of three mutually exclusive domains if it contains two 


* R. L. Moore, FUNDAMENTA MATHEMATICAE, vol. 3, pp. 232-237. 
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points each of which is accessible from all three of these domains. (5) If a 
bounded and closed point set separates the plane in the weak sense but 
contains no proper subset which does so, then it is a simple closed curve. 
(6) If a domain is uniformly connected im kleinen, every point of its 
boundary is accessible. 


27. Mr. C. M. Cleveland: Concerning certain continua 
which contain no cut points in the weak sense. 


In this paper the author shows that if M is a bounded continuum which 
contains the interior of no circle and which has just two complementary 
domains, and, for each point P of M, M—P is strongly connected, then M 
is a simple closed curve. 


28. Mr. Orrin Frink: A proof of Petersen’s theorem. 


Petersen’s theorem is a step towards proving the four-color theorem. 
It states that all regular graphs of the third degree with fewer than three 
leaves are colorable. The proofs given by Petersen, Brahana, and Errera 
are complicated and involve shrinking and counting processes. It is here 
shown that a simple proof by mathematical induction can be given. The 
theorem is first proved for graphs without leaves and is then proved for the 
general case. 


29. Professor J. F. Ritt: Meromorphic functions with 
addition or multiplication theorems. 


Let f(z) represent a meromorphic function. It is desired to determine 
the circumstances under which a linear \(z) exists such that f[A(z)] is an 
algebraic function of f(z). A first simplification of the problem results from 
a theorem of Picard, according to which, if two meromorphic functions are 
algebraically related to one another, the genus of the relation cannot exceed 
unity. It is proved that when f[\(z)] and f(z) satisfy a relation of genus 
unity, they are both elliptic functions of a single integral function g(z), 
where g[A(z)] is linear in g(z). The rather lengthy statement of results for 
the case of genus zero will be found in the Paris Comptes RENbUws for 
January 18, 1926. 


30. Professor J. F. Ritt: Real functions with algebraic 
addition theorems. 


It is a well known theorem of Weierstrass that if an analytic function 
¢(z) satisfies an algebraic relation (1): Gl¢(x), o(y), o(x+y)]=0, o(x) is 
either an algebraic function, or an algebraic function of e“(u constant), or 
an algebraic function of g(x). If we restrict ourselves to the real domain, 
it is natural to require less than analyticity of g(x); for instance, mere 
continuity. In that case, (x) does not have to be of one of the three types 
just mentioned. The present paper considers functions ¢(x) satisfying an 
irreducible relation (1) and continuous in an interval (0,a>0). It is proved 
that ¢(x) is piecewise analytic in (0, a), and that if gi(x) is one of the 
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analytic functions of which ¢(x) is composed, the remaining functions are 


all of the form ¢;(x+a) with a constant. These analytic functions all 


Weierstrass’s theorem. 


31. Professor G. A. Pfeiffer: On the decomposition of un- 
bounded continua. 


It is proved in this paper that any continuum in the plane. which is 
the sum of a countable number of mutually exclusive closed sets is de- 
composable, i.e., is the sum of two proper subsets, each of which is a 
continuum. Mazurkiewicz gave the first example of such a continuum 
which by a theorem of Sierpinski must be unbounded. An example of a 
somewhat different nature is also given by the author. 


32. Dr. C. H. Langford: Some theorems on deducibthty. 


This paper has to do with the consequences entailed by sets of defining 
properties for three types of dense series: those without extreme elements, 
those with a first but no last element, and those with a first and a last ele- 
ment. These sets involve first-order functions only. A first-order function 
is a function whose values are first-order propositions, and a first-order 
proposition is a proposition which involves variables denoting individuals 
but does not involve any variable functions. We consider the class of all 
first-order functions which can be formulated on the base K, Re. It is 
shown that any first-order function on this base has its truth-value deter- 
mined by any one of these sets. This is a form of the problem of categorical- 
ness. Each of the sets is categorical with respect to first-order functions. 


33. Dr. H.W. Brinkmann: On the condition that a Riemann 
n-space be immersible in (n-+-2)-dimensional euclidean space. 


In a previous paper the author has determined the condition that an 
n-dimensional Riemann space be immersible in euclidean (n-+1)-space. 
The case under consideration in the present paper is more complicated and 
interesting from several points of view. The method used is that of pro- 
jective geometry. 

R: G. D. RicHARDSON, 
Secretary. 


REPORT OF THE SECRETARY 


REPORT OF THE SECRETARY TO THE COUNCIL 
FOR THE YEARS 1921-1925 


The following is a brief report on the campaign to increase 
the effectiveness of the Society and on other outstanding 
mathematical events of the last five years, together with ar 
attempt to set forth some of the possibilities for the future. 


STATUS OF THE AMERICAN MATHEMATICAL SOCIETY IN 1921 


In a quarter-century the Society had grown from a mere 
handful of mathematicians to a powerful organization of 
about 750 members, covering the United States and Canada. 
The faith and courage of its founders had been amply justi- 
fied in the rise of American mathematics from a place among 
the beginners in research to one among the leading nations. 
No matter how much may be accomplished in the second 
quarter-century, progress cannot be expected to compare with 
that of such a dramatic period. The founding and support 
of two important journals and the establishment of the Col- 
loquium Lectures were scientific events of the first import- 
ance. But the war had checked the growth of the Society 
and had raised ominous questions. Printing costs were 
soaring; the government, the industries, insurance, and the 
banks were drawing off some of the more promising of the 
younger well-trained mathematicians. The universities, 
struggling with greatly increased enrollments and hampered 
by depreciation of endowments, were calling on their faculties 
for increased hours of teaching. 


EFFORTS TO OVERCOME FINANCIAL DIFFICULTIES 


While the war had not been as disastrous to scientific 
endeavor in America as in many of the other countries 
involved, it left behind it acute problems. Since nearly 
the whole income of the Society is devoted to printing, the 
trebling of that cost seemed almost to spell disaster. The 
survival of the TRANSACTIONS was in question and a radical 
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reduction in the size of the BULLETIN seemed inevitable. 
it was vital that the financial problems be attacked vigor- 
vusly. 

One of the obvious methods of increasing the income was 
to enlarge the membership: for three successive years suc- 
cessive committees on membership, under the leadership 
of Professor Hedrick, President Bliss, and Professor Cohen, 
did noteworthy service in enlarging the membership and 
since that time the campaign has been continued with the 
aid of the permanent secretary of the membership committee. 
Each year about two hundred members have been added, 
the total of those elected in the five years being now in excess 
of eleven hundred, the accessions including distinguished 
scientists from abroad as well as many leading actuaries, 
engineers, and physicists on this side of the water. 

The increase in income arising from increased membership 
proved, however, inadequate to the situation. To add to 
our difficulties, the nation-wide strike of type-setters had 
delayed printing. When late in 1922 it was again possible 
to proceed with printing in somewhat normal fashion, the 
accumulation of papers for the TRANSACTIONS together with 
the financial stringency was dismaying. There were several 
special gifts to the Society, but it was the anonymous gift 
of $4,000 through Professor Huntington for an extra volume 
of the TRANSACTIONS that put heart into those responsible 
for the Society’s policy at that time. 

It had been expected that printing costs would recede 
after the war, but by the end of 1922 it was apparent that 
this was not to be the case. If the Society was to move for- 
ward, it was evident that, besides the measures already taken, 
economies must be effected and permanent funds raised for 


support of its activities. As a temporary expedient it was 
decided to transfer the printing of the journals to Hamburg 
in order to cut down expense. At the Annual Meeting of 
1922 in order to grapple further with the financial problems 
a Committee on Endowment was authorized. By the spring 
of 1923 this committee, under the chairmanship of Professor 
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Coolidge, had been appointed by President Veblen and, 
having collected five thousand dollars for an expense ac- 
count, was at work on a campaign to raise one hundred 
thoiisand dollars endowment. By effective and devoted 
effort on their part and that of the President, this campaign 
was crowned with success. 

Members of the Society contributed about $25,000 to this 
fund and others interested in mathematics added about 
$30,000. To supplement this and to ensure an income at 
least equal to that which would be obtained from the amount 
set as a goal, the Committee procured some thirty-seven 
sustaining members, the annual subscriptions ranging from 
$100 to $500. If this membership can be kept near its 
present level, the Society is in a financial condition even 
more favorable than if the sum originally named had been 
procured for the treasury. In order to bring this about a 
new committee with Professor Fort at its head has been 
formed. 

While the endowment campaign may be considered a 


complete success in attaining its goal, the Society still has 
serious financial problems. To meet the immediate needs, 
the National Academy of Sciences has recently appropriated 
for the year 1925-26 the sum of $3100 from funds provided 
by the General Education Board to be applied to defraying 
the extra cost of printing the journals in this country. It is 
hoped that this subvention can be continued.* 


CHANGES IN ORGANIZATION 


After attempts at some form of incorporation extending 
over several years, the Society was finally incorporated in 
the District of Columbia during the year 1923 and is now 
in a position to receive gifts and bequests and to administer 
trust funds. No radical changes in organization were ne- 
cessitated by this move. The Board of Trustees which, ac- 
cording to the law of the District, has charge of business ar- 


* An appropriation for the year 1926-27 has been authorized since this 
Report was written. 
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rangements, serves in a capacity much like a financial com- 
mittee of the Counc 

mid-western group formerly known as the Chicago 
Section has been more closely merged into the organization, 


all its meetings being coordinate with those of the Society 


proper. The San Francisco Section has extended its domain 


and holds one meeting annually in the north-west. 


REGULAR ACTIVITIES 

In 1920 the budget was approximately eight thousand 
dollars, while in 1926 it is expected that the expenditures 
will be about twenty-four thousand. The activities of the 
Society have not increased in any such ratio, but it may be 
fair to estimate that they have increased by at least a quarter 
in the same period. 

The Society exists primarily for the encouragement, 
presentation, and publication of mathematical research, 
and it is on this basis that progress must be measured. Both 
the BULLETIN and TRANSACTIONS have been enlarged 
twenty per cent and their facilities are now taxed to the 
utmost. The editors are rendering remarkable service too 
little realized by the membership in general. The number 
of papers read at the meetings and the attendance have in- 
creased by more than twenty per cent. The custom of hav- 
ing at meetings of the Society expository papers of an hour 
duration and given by request, has been greatly extended 
and the publication of these reports in the BULLETIN has 
enriched the literature in several fields. The library of the 
Society has enjoyed steady growth and a catalogue has been 
issued; members are invited to make free use of the fine 
collection of journals. 

There has been one Colloquium held during this period; 
funds are available for publishing these lectures and also 
those of the 1920 Colloquium still unprinted. It is confidently 
expected that more frequent Colloquia will be possible in 
the future. 
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NEW DEPARTURES 

Three Prize Funds. During this period the Bécher Fund 
has been turned over to the Society and the two occasions of 
presentation of prizes in 1923 and 1924 have been notable 
events in our history. It has been arranged also to make 
within three years the first award of the prize from the Cole 
Fund. The Moore Fund has been raised and made available 
for publication and prizes. 

Gibbs Lectureship. In order to present to the educated 
public some of the processes and results of mathematical 
thinking, a lectureship under the auspices of the Society 
was established and named after a deceased member, 
Josiah Willard Gibbs, who ranks among the foremost of 
American scientists. The series has been inaugurated by 
three distinguished members of the Society who in successive 
years have delivered lectures: M. I. Pupin on Coordination, 
Robert Henderson on Life insurance as a social service and 
as a mathematical problem, and James Pierpont on Some 
modern views of space. 

Research Fellowships. While the Society was not in any 
way responsible for the extension of the plan of the National 
Research Fellowships in physics and chemistry so as to 
include mathematics also, the President of the Society in 
1924 was instrumental in bringing the matter to the atten- 
tion of the Rockefeller Foundation and the National Re- 
search Council. One hundred twenty-five thousand dollars 
annually is available for fellowships in mathematics, physics, 
and chemistry which should exercise a potent influence in 
confirming our young men and women in habits of research. 

There are in addition universities and other general 
foundations which provide fellowships of ample size open to 
mathematicians for study at home or abroad. 

Revolving Book Fund. Another item which is of mathe- 
matical interest, but which has no official connection with 
the Society, concerns a small sum appropriated by the Na- 
tional Research Council for the launching of a series of 
treatises in mathematics. Two volumes have appeared; 
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from the sales it is confidently expected that further volumes 
can be financed. 


CONTACTS WITH OTHER ORGANIZATIONS 


The Society has affiliated itself with the American As- 
sociation for the Advancement of Science, and is meeting 
more frequently with that organization. It is significant 
that during this period one of our members was president of 
that body and that the first grand prize offered for papers 
submitted at a meeting of the American Association for the 
Advancement of Science was won by a mathematician. 

A reciprocal agreement has been entered into with the 
London Mathematical Society, by which members of each 
organization enjoy special privileges in the other. 

Through its officers and its representatives in the National 
Research Council the Society has played a prominent part 
in the American Section of the International Mathematical 
Union which shared in the organization of the successful 
International Mathematical Congress held in Toronto in 
1924. It is the concensus of opinion, however, that we should 
not participate in another congress until the organization is 
fully internationalized. 

The Society has continued to cooperate cordially with the 
Mathematical Association of America in the arrangement of 
meetings and division of work. This appears to be of mutual 
advantage. 

In considering its own problems of printing, our organiza- 
tion has endeavored to bear in mind the whole question of 
publication of American research and to cooperate with the 
other journals to this end. 


NEEDS OF MATHEMATICS 


Having succeeded in solving the most pressing of its 
present problems, the Society can turn its attention to others 
which are of the immediate or more distant future. While 
many desirable projects would naturally lie outside the 
province of the Society, its members must keep in mind 
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the various needs. The Council may wish to name a com- 
mittee to outline a comprehensive scheme of development 
in the field as a whole. 

Printing. The dearth of publication in America of ad- 
vanced treatises in mathematics is much to be deprecated. 
The money available for printing of Colloquium Lectures 
and the Revolving Book Fund will serve as a beginning, but 
as a beginning only. Publishers must by some means be con- 
vinced that it is to their interest to print such books; there 
is a decided opinion on the part of the Council that firms 
making profits on mathematical text-books should be brought 
to feel under obligation to invest a part in advanced treatises. 

The time is not far distant when more printing space will 
be necessary to care for the output of American research. 
Whether this will take the form of a new journal (possibly 
of applied mathematics) or an increase in the number of 
volumes of the TRANSACTIONS, it is yet too early to de- 
termine. 

At various times in the past the Council has considered 
other printing projects, such as the founding of an Ab- 
stract Journal, and has given tentative approval, provided 
men and money were available. The publication of ex- 
tensive surveys of particular fields, encyclopedic in char- 
acter, seems also highly desirable. Other projects proposed 
include an English edition of the encyclopedia and a ma- 
thematical dictionary. 


Mathematical Institute. Some American mathematicians 


have conceived the idea of a Mathematical Institute, similar 
to those in certain foreign countries, serving as a center for 
mathematical research. The influence of such a body might 
well raise the whole level of our production ; for it would not 
only release some of our ablest scientists for production of 
research, but it would also set a standard for the universities 
to follow. Such a project would involve large sums of money, 
but a well-considered plan is bound to prove of interest to 
those who have wealth to invest in science. 
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Connected with the Institute there might grow up a 
summer colony in some location good at that season, where 
short series of lectures could be given and where there would 
be facilities for scientific work and personal contact with 
colleagues as well as for out-door recreation. 

Our Own House. We are very fortunate in having office 
space and other facilities donated by Columbia University. 
The time may come, however, when some benefactor will 
make it possible for the Society to have quarters of its own. 


WHAT MEMBERS CAN DO TO ASSIST 


Having solved some of the problems confronting us we 
can set ourselves to attacking others. The most important 
part that members can play is of course production of new 
mathematics and the encouragement of others to do like- 
wise. But there are other essential services which can be 
rendered. 

Some might find it possible to transfer from ordinary to 
sustaining membership; others might induce their univer- 
sities to assume such membership. Universities who thus 
subsidize our TRANSACTIONS and Colloquium Lectures aid 
in providing outlets for the publication of the output of 
their staff and at a cost less than that of financing a journal 
of their own. Professor Fort as chairman of the new com- 
mittee to conserve and extend the sustaining memberships 
must have the support of all members. 

Other members have friends who might be interested in 
giving financial aid to important projects of our organiza- 
tion. The work of a scientific body so distinguished as the 
Society may make an appeal to the imagination of some 
benefactor. 

A more modest contribution would be to aid in adding to 
the ordinary membership colleagues, students (present and 
past), and other friends of the cause. 

The number of subscribers for the TRANSACTIONS among 
the membership is rather small and might well be increased. 
The number of Life Members could well be augmented also. 
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A few members have made provision for the Society in their 
wills by taking out insurance policies; this practice might 
become widespread. Members can also serve the organiza- 
tion by keeping in mind its problems and sending to the 
Council suggestions for meeting needs of the Society and 
for making improvements. 


PROSPECTS 


To many members the transfer of the printing back to 
America will be welcomed as a return to normal conditions. 

One important result of the campaign for endowment is 
the increased recognition of the value of mathematics on 
the part of other groups of scientists and of the scientific 
industries, an attitude which needs constant cultivation. 
This aspect of the work of the Society seems to the Sec- 
retary much more important for the furtherance of its en- 
deavors than is generally recognized. 

The spirit of cooperation between groups in various parts 
of the country is most encouraging. The Society is striving 
to think always nationally and to serve all the interests 
basal to our science. 

There is every reason to have faith in our future. Not only 
is there developing splendid material among the young men, 
but America possesses the wealth to make mathematical 
research possible in ever increasing volume. The next five- 
year period is bound to see some remarkable developments 
in projects for scientific research; it is the duty of those 
mathematicians who have vision to be prepared to seize the 
opportunities as they arise. 

The Society stands for the highest scientific ideals and 
commands our loyalty and devotion. Through it we can make 
our impress on the history of America. As an organization 
should it not stand among the very foremost of those to which 
we as individuals devote our energies? 

Respectfully submitted, 
R. G. D. RICHARDSON, 
January 1, 1926 Secretary 
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THE FORTY-EIGHTH REGULAR MEETING OF THE 
SAN FRANCISCO SECTION 


The forty-eighth regular meeting of the San Francisco 
Section of the Society was held at Stanford University on 
Saturday, April 3, 1926. The Chairman, Professor Blichfeldt, 
presided. The total attendance was twenty-nine, including 
the following twenty-three members of the Society: 

Barter, Bernstein, Blichfeldt, Buck, Cajori, Corbin, Daus, Fenner, 
R. L. Green, E. R. Hedrick, Hoskins, Hotelling, Sophia Levy, Libby, E. K. 
W. McDonald, J. H. McDonald, W. A. Manning, Moreno, F. R. Morris, 
Noble, Pehrson, Stager, Wong. 

The Secretary read letters from Professors Bell and Car- 
penter of the University of Washington extending a cordial 
invitation to the members to be present at the regular meeting 
of the Section in Seattle on June 12. It was decided to hold 
the next Spring meeting at Stanford University, April 2, 1927. 

Titles and abstracts of papers read at the meeting follow. 
The papers of Professor Carpenter and Mr. Cramlet were 
read by title. 


1. Professor Florian Cajori: Early “proofs” of the im- 
possibility of a fourth dimension of space. 

The author cites early proofs of the impossibility of four-space given 
by Ptolemy, Clavius, Leibniz, Kant, Mellin and Whewell. Of these the 
Clavius-Mellin proof was the only one elaborated by the authors in detail; 
it was based upon theorems in Euclid’s Elements, but one of those theorems 
was given a generality not contemplated by Euclid. 


2. Professor A. F. Carpenter: Triads of ruled surfaces. 


This paper sets up the defining system of differential equations for the 
projective differential geometry of a configuration of three ruled surfaces 
whose elements correspond in sets of three, one from each surface. A num- 
ber of invariants and covariants are obtained and their geometric inter- 
pretations given. 


3. Mr. C. M. Cramlet: A determination of all invariant 
tensors. 


| 
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The tensor 6% having components 0 or 1 according as uv or p=v has 
the same components in all coordinate systems so may be properly regarded 
as an invariant tensor. A new tensor is defined by setting 


where the symbol = indicates that all products formed by permuting the 
indices 7; - - - 7; and multiplying these terms by m! arbitrary scalars or 
invariants are summed. It is shown that this includes all tensors which 
have equal corresponding components in all coordinate systems. By 
choosing the scalars (Ap) as +1 according as they are prefixed to a prodnct 
of 8’s formed by an even or odd substitution on the set r,- + + re, Y5---s¢ 
reduces to the determinant tensor (Murnaghan, this BULLETIN, vol. 30, 
p. 323, and an article by the writer to appear in the ANNALS). If all of the 
A’s are equal to unity it reduces to a tensor here called the permanent tensor 
since it is useful in the study of permanents as defined by Cauchy. Both of 
these latter tensors will find application in the study of determinant- 
permanents. 


4. Professor E. R. Hedrick: On the oscillation of an arc of a 
curve. 


In this paper the author considers the concept of oscillation of an arc 
of a curve defined by Fréchet (JouRNAL DE MATHEMATIQUES, (9), vol. 4, 
p. 282). The properties of this oscillation for the case of a discontinuous 
curve are studied, and a few properties not given by Fréchet are stated. 


5. Professor J. H. McDonald: A special involution of the 
fifth degree. 


It is the object of the communication to determine the involution of the 
fifth degree whose discriminant has three double roots. This involution 
reduces two hyperelliptic integrals of genus 2 and is the only case of such 
a twofold reduction from genus 2. Associated with this involution is another 
involution of order 10 which reduces two hyperelliptic integrals of genus 4. 
If the involution of order 5 is represented on a conic the involution curve 
is a rational quartic which has the property that the lines joining each 
node to the points of contact of a corresponding double tangent form with 
the tangents at the node an harmonic pencil. This quartic depends on two 
arbitrary parameters. 


6. Professor J. H. McDonald: The relation between Goursat’s 
cubics. 

In the reduction of hyperelliptic integrals by a transformation of order 3, 

the two cubic factors of the reducible sextic have a simple relation to each 


other when taken in Goursat’s normal form. The invariantive form of this 
relation is obtained and is of degree 8 in the coefficients of each cubic. 
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7. Professor J. H. McDonald: On unicursal curves. 

If the coordinates of a point on a curve are rational functions of degree 
n of a parameter ¢ the curve is in general of degree m, but the degree may be 
a submultiple n’ of m, and the coordinates may be expressed as rational 
functions of degree n’ of a parameter ¢’ which is a rational function of & 
of degree n/n’. A means of determining when such a reduction takes place 
is found and also the function ¢t’ of t. Necessary and sufficient conditions 
that the curve should be of degree m were found in a different form by 
Humbert. A determination of the function ¢’ of ¢ was not given. 


8. Dr. B. C. Wong: On the correspondence between space 
sextic curves and plane quartics in four-space. 
This paper will appear in full in this BULLETIN. 


9. Dr. J. D. Barter: Note on skew symmetric determinants of 
higher dimensions. Preliminary report. 

The object of this investigation is to determine to what extent the 
important theorems on skew-symmetric determinants of two dimensions, 
connected with the names of Cayley and Frobenius, may be extended to 
higher dimensions. The theory is treated as a chapter in that of the 
invariants of m-ary p-vectors. The properties of Pfaffians are examined 
and it is found that generalization is rather restricted. 


10. Dr. J. D. Barter: Note on commutative matrices, roots of 


matrices and induced transformations. 

The theory connected with these subjects is treated in those directions 
in which the existing results appear incomplete or the methods unnecessar- 
ily cumbrous. By elementary methods associated with the notion of polar 
series the expressions for matrices commutative with a given matrix, and 
of any root of this matrix are obtained. The leading properties of the 
induced transformation are exhibited. 3 


B. A. BERNSTEIN, 
Secretary of the Section. 
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THE APRIL MEETING IN CHICAGO 


The twenty-fifth Western meeting of the Society was held 
at the University of Chicago on Friday and Saturday, April 2 
and 3, 1926. The attendance numbered around one hundred, 
including the following fifty-nine members of the Society: 


R. W. Babcock, Barnard, Basoco, W. S. Beckwith, Bibb, O. E. Brown, 
C. C. Camp, Curtiss, H. T. Davis, Dickson, Dostal, Dowling, Dresden, 
Ettlinger, Peter Field, C. A. Garabedian, Garver, Griffiths, Hazlett, Mil- 
dred Hunt, Dunham Jackson, R. L. Jackson, Krathwohl, E. P. Lane, Mc- 
Farlan, McGavock, W. D. MacMillan, March, Marquis, William Marshall, 
Merriman, Mickelson, C. N. Moore, E. H. Moore, E. J. Moulton, F. R. 
Moulton, Nyswander, Olson, Phalen, Plant, Pounder, R. G. D. Richardson, 
Rider, H. L. Rietz, Rowland, Schottenfels, Shohat, Skinner, Slaught, 
Stouffer, E. L. Thompson, Van Vleck, Wait, L. E. Ward, R. L. Wilder, 
Williamson, F. E. Wood, Wyant, J. W. A. Young. 


The Council announced the election to sustaining member- 
ship of the New York Edison Company. 


The following sixteen persons were elected to ordinary 
membership: 


Professor Charles Spencer Allen, Muhlenberg College; 

Professor Charles Anthony Barnhart, State University of New Mexico; 

Professor Talmon Bell, Sterling College; 

Miss Dorothy Frances Briggs, Northeast Junior High School, Kansas City; 

Mr. René Albrecht Carrié, College of the City of New York; 

Professor Edward V. Casserly, Epiphany College; 

Professor Rufus Crane, Ohio Wésleyan University; 

Mr. Sven Bertil Hansell, New York Telephone Company; 

Professor Francis M. Hartmann, Dean of Schools of Engineering, Cooper 
Union; 

Mr. Svend E. Johannesen, General Electric Company; 

Miss Marie Litzinger, Mount Holyoke College; 

Professor Henry Howard Marvin, University of Sikietilie, 

Mr. Jerome Sidney Meyer, New York City; 

Professor Charles Madison Sarratt, Vanderbilt University; 

Mr. Paul A. Smith, Princeton University; 

Professor Frederick Winchell Sparks, Louisiana State Normal College; 

The secretary announced that Mr. P. L. Srivastava, of Oxford, had ac- 
cepted membership under the reciprocity agreement with the Lon- 
don Mathematical Society. 
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it was announced that the following persons had been 
ippointed to represent the Society: at the inauguration of 
President William Bennett Bizzell of the University of Okla- 
homa on February 4-5, Professor S. W. Reaves; at the fiftieth 
anniversary of the Société Scientifique de Bruxelles on 
April 12-13, President G. D. Birkhoff; at the twenty-fifth 
anniversary of James Millikin University on April 29, Pro- 
fessor J. B. Shaw; on the American Year Book, Professor 
Tomlinson Fort; on the Subcommittee on Mathematical Signs 
and Symbols of the American Engineering Standards Com- 
mittee, Professor E. V. Huntington. 

The invitations to Professors E. T. Bell and A. Pell-Wheeler 
to give Colloquium Lectures at the 1927 Summer Meeting in 
Madison have been accepted, their titles being, respectively, 
Algebraic arithmetic, and The theory of quadratic forms in 
infinitely many variables, and applications. 

A committee to nominate trustees, officers, and members of 
the Council was appointed, consisting of E. R. Hedrick 
(chairman), G. A. Bliss, E. W. Chittenden, G. C. Evans, and 
H. H. Mitchell. A Committee on Arrangements for the 
Annual Meeting of 1926 was appointed to consist of Professors 
E. S. Crawley (chairman), G. H. Hallett, G. A. Harter, L. W. 
Reid, and the Secretary. 

A statement from the Committee on Colloquia to be printed 
in the BULLETIN was authorized, and has since been printed 
(this BULLETIN, vol. 32, p. 100). 

The symposium address, delivered on Friday afternoon by 
Professor Arnold Dresden, and entitled Recent work in the 
calculus of variations, will appear in full in an early issue of 
this BULLETIN. Titles and abstracts of the other papers read 
at this meeting follow below. Professor E. H. Moore’s paper 


on generalized Hellinger integrals was given by invitation 


of the Assistant Secretary. On Friday morning the Society 
met in two sections; the papers numbered 1-10 were read 
before Section A (Point Sets and Geometry), Ex-President 
E. B. Van Vieck presiding, and those numbered 11-22 
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before Section B (Algebra and Analysis), Vice-President C. N. 
Moore presiding. Professor Moore presided also on Friday af- 
ternoon and Saturday morning, relieved during the second half 
of the Saturday morning session by Professor E. B. Skinner. 

The papers by Gehman, Graves, Mathews, R. L. Moore, 
Nassau, H. L. Smith, Stouffer, and Williamson were read by 
title. Mr. R. G. Smith was introduced by Professor Stouffer, 
Mr. Whyburn by Professor R. L. Moore, and Mr. Williamson 
by Professor Dickson. 


1. Mr. G. T. Whyburn: Concerning point sets which can be 
made connected by the addition of a simple continuous arc. 


The author makes a study of conditions which a point set must satisfy 
in order that an arc may be drawn in such a way as to contain at least one 
point of every maximal connected subset of that point set. In particular 
it is proved that a closed and bounded point set M can be made connected 
by the addition of some simple continuous are if and only if for every 
continuum K of M which consists of more than one point there exists a 
positive number ex such that K is not the limiting set of any set of maximal 
connected subsets of M each of diameter less than ex. This theorem is 
modified and extended so as to apply to point sets which are not bounded 
and also to sets which are not closed. A necessary and sufficient condition 
is given in order that a point set should be a subset of an open curve. 


2. Professor R. L. Wilder: A connected and regular point set 
which has no subcontinuum. 


It has been shown by R. L. Moore (this BuLLetIn, vol. 29 (1923), 
p. 438) that there exist, in the plane, connected and regular (connected 
im kleinen) point sets which contain no arc. The present paper establishes 
the more general fact that there exist, in the plane, connected and regular 
point sets which contain no continuum (i.e., which contain no closed and 
connected subsets). 


3. Professor R. L. Wilder: A characterization of continuous 
curves by a property of their open subsets. 


If A and B are two distinct points of a point set N, then A and B are 
separated in N in the weak sense provided N contains no connected subset 
which contains both A and B; A and Bare separated in N in the strong sense 
if there exist two mutually separated sets whose sum is N and which contain 
A and B respectively. The following theorems are proved: (1) If Misa 
closed and bounded point set, and A and B are points of M which are 
separated in M in the weak sense, then A and B are separated in M in the 
strong sense; (II) Theorem I holds if M, instead of being bounded and 
closed, is regular; (III) In order that a bounded continuum M should bea 
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continuous curve, it is necessary and sufficient that every two points which 
lie in an open subset N of M and are not separated in N in the strong sense 
be not separated in N in the weak sense. 

4. Professor R. L. Wilder: A property which characterizes 
simple continuous curves. 


In an earlier paper* the author has made use of sets K(Ci, C2)M to 
characterize a continuous curve M. In the present paper it is shown that in 
order that a continuum M shall bea simple continuous curve, it is necessary 
and sufficient that every set K(C,,C2) M be an are. 


5. Professor R. L. Moore: A characterization of a point set 
which contains no domain. 


It is shown in this paper that in order that the point set M shall contain 
no domain it is necessary and sufficient that for every two points A and B 
in M there exist a totally discontinuous subset of M which separates A 
from Bin M. 


6. Dr. H. M. Gehman: Concerning end points of continuous 
curves and other continua. 


Several definitions of an end point of a continuum have been given 
using properties possessed by an end point of a straight line interval. 
Yoneyamaf has given three definitions by means of properties which he 
calls (A), (B), and (C). R. L. Wilderf uses a property which we shall call 
(W), to define an end point of a continuous curve. We here discuss the 
following two additional properties: A point P of a continuum M is said 
to have property (W’), if for every subcontinuum K of M containing P, 
the point P is not a limit point of any maximal connected subset of M—K; 
it is said to have property (M), if it is not a cut point of any subcontinuum 
of M. In the case of continuous curves, we find that (C) implies (B), and 
(B) implies each of the others, while (A), (W), (W’), and (M) are equiva- 
lent. Therefore, for continuous curves, (A), (W’), or (M) may be used as 
an alternative to Wilder’s definition of an end point. But in the case of 
continua in general, the only logical relations connecting these properties 
are the following: (C) implies (B); (B) implies (M); (W’) implies (A); 
(A) implies (M); (A) and (C) together imply (W’). Property (W) is 
omitted from this discussion, since in general it is not applicable to continua 
that are not continuous curves, 


7. Professor E. P. Lane: The correspondence between the 
tangent plane of a surface and tts point of contact. 


* A property which characterizes continuous curves, PROCEEDINGS OF THE 
NATIONAL ACADEMY, vol. 11 (1925), pp. 725-28. 

¢ TOHOKU MATHEMATICAL JOURNAL, vol. 17 (1920), p. 253. 

t FuNDAMENTA MATHEMATICAE, vol. 7 (1925), p. 358. 
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In the literature of projective differential geometry, there are instances 
of the intuitive use of the correspondence between the tangent plane of an 
analytic surface and its point of contact. An analytic formulation of this 
correspondence is furnished in the present paper, and some applications 
of it are made. In particular, it is used to define a quartic Cremona trans- 
formation between points in the tangent plane of a surface and planes 
through the contact point. 


8. Professor E. P. Lane: Comparison of Wilczynski’s, 
Green’s, and Fubini’s canonical systems of differential equations 
fora surface. 


Wilczynski’s canonical equations for a surface referred to its asymptotic 
net are yuu+2by,+y=0, Fubini’s normal coordinates 
are solutions of the equations y11=By2+2y, y22=vy1+vy, in which sub- 
scripts indicate covariant differentiation with respect to the quadratic 
differential form whose vanishing gives the asymptotic net. The present 
author studies the connection between these two systems of equations. 
Moreover, Green’s canonical equations for a surface referred to a conjugate 
net are where b+2c’=0, 
2ab’—c—a,=0. The corresponding equations in covariant derivatives are 
obtained and studied. In particular, a means is furnished for distinguishing 
between properties of a conjugate net and properties of its sustaining 
surface. 


9. Dr. R. M. Mathews: Cubic curves and desmic surfaces. 
Second paper. 

The parametric specification of the points of a cubic curve and of the 
points of a desmic surface in terms of the same elliptic functions suggests 
an intimate relation between the two classes of figures. This is investigated, 
and the geometric significance of the absolute invariant of the elliptic 
function is found for the surface. Among the theorems proved we may note 
the following: The locus of the vertices of projective cubic cones in a desmic 
complex consists of six conjugate desmic surfaces. 


10. Professor J. S. Turner: On the irrationality of the 
trigonometric functions of nx, where n 1s rational. 


In this paper it is proved that the only positive acute angles of the 
form nx, where x is rational, which possess trigonometric functions of the 
form /m, where m is rational, are 7/4, 1/6. 


11. Professor G. E. Wahlin: The conductor of a ring in an 


algebraic number field. 


The system of linear equations expressing the fundamental system of a 
ring in an algebraic number field in terms of the fundamental system of the 
field has a determinant C known as the index of the ring. The conductor 
of the ring is a factor of C. By means of the elementary divisors of C, the 
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author obtains properties of the conductor which enable him to determine 
integers of the field which have the prime power factors of the conductor 
as their greatest common divisor. 


12. Professor E. B. Stouffer and Mr. R. G. Smith: Some 
relations involving sums of determinants. 


The main theorem of this paper states that the sum of all the deter- 
minants of order 2 obtained by combining in a certain definite manner the 
rows of +1 determinants of order n is equal to the sum of the determinants 
obtained by combining the columns in a similar manner. The proof depends 
merely upon the order of application of certain differential operators. The 
theorem has as special cases an extensive list of theorems proved by 
LePaige, Deruyts, Muir, and others. 


13. Professor E. B. Stouffer: On determinants expressed in 
terms of their principal minors. 


In an earlier paper (TRANSACTIONS OF THIS SociETY, 1924) the author 
obtained several expressions for the general determinant in terms of its 
principal minors. The simplest case was for the determinant of order four. 
In the present paper it is shown that every such expression for the deter- 
minant of order four gives immediately an expression for the determinant 
of any higher order in terms of its principal minors. Moreover, the ex- 
pressions for the general determinant of any order each involve only 
fourteen minors. The proof depends upon the so-called law of extensible 
minors. 


14. Professor J. A. Shohat: Some new applications of 
Tchebycheff polynomials. 


The author applies a method developed in a previcus paper (On a general 
formula, read before the Society at Ithaca, September 11, 1925) to the 
following problem. Consider all polynomials G(x) =27}_ogix# of degree Sn, 
satisfying the condition (x)Gx)dx M((a,b) finite or infinite, g(x) 20 


on (a,b), M>0); find the maximum, actually attained, of | =0 |, where 


the a; are arbitrarily given real constants. A complete solution is obtained 
in terms of Tchebycheff polynomials. Specifying g(x) and the aj, we get 
numerous results concerning polynomials in general and Tchebycheff 
polynomials in particular. 


15. Professor H. J. Ettlinger: On multiple iterated integrals. 


The author discusses the properties of m-fold multiple iterated integrals 
for which the multiple integral itself may not exist. A sufficient condition 
that the m! iterated integrals of a function of m variables exist and be 
equal is that the integrand be bounded and be integrable in each variable 
for all fixed values of the others, save for a discrete set. A very general 
theorem of summation is found for evaluating m-fold iterated sums in terms 
of m-fold iterated integrals. This theorem is of importance in passing from 
the algebraic system to the Fredholm integral equation for a very general 
type of kernel in which integrability in each variable is required for fixed 
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values of the other save for a discrete set. These conditions admit of a 
solution in which iterated integrals of the above type enter. 


16. Professor P. R. Rider: A figuratrix for double integrals. 


In a paper presented to the Society December 26, 1924, the author 
called attention to a number of interesting properties of the figuratrix in 
the calculus of variations. In the present paper he discusses-a figuratrix 
(a surface) for double integrals, incidentally developing the Euler-Lagrange 
equations for a new form of the problem of double integrals, and shows that 
a certain necessary condition obtained by Kobb implies that the total 
curvature of the figuratrix must be positive. 


17. Professor H. A.Simmons: The first and second variations 
of a double integral in the case of variable limits. 


In this paper a formula is developed for the derivative of a double 
integral with respect to a parameter which appears in both the integrand 
and the limits of the integral. Application of this formula is made to 
calculate the second variation for a problem of the calculus of variations 
in which the minimum of a double integral is sought in a class of surfaces 
whose boundaries are not on a fixed curve but are allowed to lie on a fixed 
surface. This seems to be the first time that the second variation of this 
type has been calculated. The calculation has been regarded in the litera- 
ture as a difficult one. From the second variation so attained a boundary 
value problem is formulated which is closely associated with the Jacobi 
condition of the problem of the calculus of variations of first dimension, 
and a formulation of that condition in terms of the smallest characteristic 
parameter value of the boundary problem is given. 


18. Dr. L. E. Ward: Functions expansible in two particular 
Lypes of series. 

This paper deals with the possibility of expanding an arbitrary function 
in each of two series, one whose terms are characteristic functions of the 
differential system u’’’+-p8u =0, u(0) =u’(0) = u(x) =0, and another whose 
terms are characteristic functions of v’’’+p%v=0, v(x) =v’(x) =v(0) =0. 
The first of these series converges in a triangle centered at x=0, and the 
other in a triangle centered at x=. It is found that if both series are to 
converge, the function must be an elliptic function of special type; and that 
the two triangles of convergence will have a region of the plane in common 
if the poles of the elliptic function are situated properly. 


19. Professor H. T. Davis: Solution of the Laplace differ- 
ential equation of infinite order by symbolic operators. 

E. Hilb* has studied the question of solving the non-homogeneous 
differential equation of infinite order of Laplace type by reducing it to an 
infinite system of linear equations in an infinite number of unknowns and 
applying to this system the methods of Hilbert and Schmidt. In this paper 
the same problem is approached from the point of view of symbolic opera- 


* MATHEMATISCHE ANNALEN, vols, 82 and 84, 
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tors. It is shown how a solution can be found for Bourlet’s generatrix 
equation and that the operator thus obtained is capable of expansion into 
a factorial series. The convergence properties of the solution are found 
to depend upon the behavior of an operator of the form A,=D(1—D) 
*(1-D/2)---(1—D/(n—-1)). A solution due to H. Mellin* of the 
equation u(x +1) —xu(x) =f(x) is obtained as a special case. 


20. Dr. C. C. Camp: A method for accelerating the con- 
vergence in the process of iteration. 


The popularity of the method of successive approximations has been 
imperiled by the extreme slowness of the convergence in many cases. The 
present paper overcomes the difficulty by furnishing a powerful method 
based on the same kind of analysis as Newton’s but better adapted to the 
process of iteration. In large classes of problems the method is more 
powerful than Newton’s. Certain modifications simplify the arithmetic 
and diminish further the number of approximations needed. The un- 
modified method consists of one iteration f;(x~) =f2(x%-1) and one applica- 
tion of the formula = —x¢_-1)/(1—m), where m =f2' (xx). 
If | m | >1, the iterative process fails. We therefore assume | m|<1, which 
means geometrically that certain tangents must intersect. It is safer to 
take an interval so small that neither f will have an inflexion therein. The 
author determines the rapidity of convergence of ordinary iteration, and 
compares that for his method with that for the method of Newton. The 
method has been extended to the case of two equations in two unknowns, 
and to the case of complex roots of a single equation. It is capable of 
extension to m equations. 


21. Professor L. E. Dickson: Diophantine equations and 


quaternary quadratic forms. 


Numerous results are obtained by means of generalized quaternions 
having 8=1 or +3 (Algebras and their Arithmetics, pp. 187, 193-94). Let 
N(q) denote the quadratic form which is the norm of an integral element q. 
All integral solutions of N(q)=x1- - - x,are obtained from V=d,- - - d, 
x= N(d;), if we employ arbitrary integral elements for d;,- - -, dy. By 
multiplying g by suitably chosen elements we obtain an element with 
integral coordinates (coefficients x, y, z, w of 1,1, Hence the pre- 
ceding theorem holds also when N(g) denotes x?+-y?+{(z?-++w*) and when 
the d; have integral coordinates. There is found the number of all repre- 
sentations and the proper representations of any integer by each of these 
six quadratic forms. Corresponding results are obtained by other methods 
when 8=7. A like formula gives all integral solutions when q is replaced 
by an m-rowed square matrix and N(q) by its determinant. The subject is 
developed in detail in the German edition of the book cited which will be 
published this summer by Orell Fiissli Verlag in Zurich. 


22. Mr. John Williamson: Division algebras connected with 
a nonabelian group of three generators. 
* Acta MATHEMATICA, vol. 15 (1891), pp. 317-384. 
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It has been shown by L. E. Dickson (TRANSACTIONS OF THIS SOCIETY, 
April, 1926) that with every solvable group G there is connected a system 
of division algebras. The present paper treats in detail the two cases in 
which G is generated by three generators ©, @,, and 95, of respective 
orders q, Q, and P, respectively, where Op transforms 0, and @, into their 
respective inverses, and in the first case ©, and @, are commutative but in 
the second 0, transforms ©, into its inverse. The conditions that these 
algebras be associative are obtained, and examples of groups of the required 
type are exhibited. 

23. Professor H. L. Smith: On relative content and Green’s 
lemma. 

Definitions and elementary properties of content and of absolute content 
of planar sets relative to a function of sets not necessarily additive are 
given, and Green’s lemma is obtained in the form of an equation between 
the line integral /P(x,y)dy around a simple closed curve and the content 
of that curve relative to a function of sets derived from P(x,y). Certain 
special cases are exhibited in which the boundary curve need not be 
rectifiable. 


24. Professor H. L. Smith: The existence of Minkowski’s 


linear measure for a simple curve. Preliminary report. 

The author shows that the length of a simple curve and its linear 
measure in the sense of Minkowski both exist and are equal provided either 
exists. 

25. Professor Dunham Jackson: Note on a problem in 
approximation with auxiliary conditions. 


This paper appears in the present issue of this BULLETIN. 


26. Professor R. W. Babcock: On thermal convection between 
plates. 


In convection between infinite horizontal parallel plane plates with 
space-periodic impressed boundary temperatures‘of opposite phase, the 
temperature distribution within the liquid assumes different types as the 
distance between the plates is changed. The variations from the tempera- 
ture due to conduction alone are localized near the boundary surfaces, 
except where these surfaces are sufficiently close together to produce a 
considerable temperature gradient. 


27. Mr. G. M. Merriman: A set of necessary and sufficient 
conditions for the Cesdro summability of double series, with 
application to the double Fourier series. 


The present paper fills a long felt gap in the theory of summability of 
double series, by deriving a set of conditions necessary and sufficient that 
a double series be summable, after Cesiro, with respect to some pair of 
means or other; heretofore conditions for summability have been given 
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that are either necessary or sufficient, but never both. These results are 
then applied to the case of the double Fourier series of a function that is 
integrable (Lebesgue), in which case the conditions are particularly simple 
and useful. Incidental to this application, there is derived a necessary and 
sufficient condition for the convergence of a double Fourier series of a 
certain type. The main results are generalizations to two variables of 
conditions for the Cesaro summability of simple series obtained in 1923 by 
Hardy and Littlewood. 


28. Professor C. N. Moore: On the construction of Fourier’s 
series converging to functions with given singularities. 

Relatively little is known concerning the relationship between: the 
singularities of a function of a real variable and the Fourier coefficients 
corresponding to that function. In this paper, a study of this relationship 
is begun by developing methods for the construction of Fourier’s series 
whose sum-functions have singularities at certain preassigned point sets. 


29. Professor E. H. Moore: Introduction to a theory of 
generalized Hellinger integrals. 
This paper will appear in full in an early issue of this BULLETIN. 


30. Dr. L. M. Graves: Some theorems concerning measurable 
functions. 

The first two theorems concern the measurability of functions of 
measurable functions. The third theorem concerns the summability of the 
function f;f(x,y)dy, where f is a summable function in the plane. 


31. Professor J. J. Nassau: Some extensions of the generalized 
Kronecker symbol. 

This paper is concerned with the Kronecker symbol as generalized by 
Murnaghan (AMERICAN MATHEMATICAL MONTHLY, vol. 32). Its aim is to 
exhibit some possibilities of this notation in expressing certain functions, 
and in deriving conclusions. The expression for a permanent is given by 


2 
1 2-+--n an 


A number of theorems relating to permanents and determinants and their 
minors have been developed. Extension of the symbol to determinants with 
multiple suffixes has been indicated. The symbol is well adapted to express- 
ing symmetric functions. The expression for Za? a™ - + + aPr of n letters 
is given by 


a 


2 
aPigt?... a? 


1 

Lastly a modification is introduced into the original definition to make 

possible the representation of some analytical functions recently considered 

by Macmahon (CAMBRIDGE PHILOSOPHICAL SociETY TRANSACTIONS, 
vol. 23). 

R. G. D. RIicHARDSON, 
Secretary. 


THE GIBBS LECTURE FOR 1925 


SOME MODERN VIEWS OF SPACE* 
BY JAMES PIERPONT 


1. Introduction. We are living in an age of great dis- 
coveries; in physics, in chemistry, in astronomy; in the 
field of invention one is almost bewildered by the great 
achievements which have been made in recent years. 
Although figuring less in the public eye, the development of 
mathematics has been no less remarkable. In the present 
paper I wish to outline briefly what progress has been made 
in our knowledge of space from a mathematical standpoint. 

Until about a century ago everybody believed that the 
geometry of Euclid gave an exact description of space as 
far as it went. Geometry as the science of space has to deal 
with points, straight lines and planes. What are these things? 
Euclid says: A point is that which has no part, a line is 
breadthless length, a straight line is a line which lies evenly 
with the points on itself, and so on. I do not need to con- 
tinue. As we see, these definitions would not tell one what a 
point, a straight line, a plane, are if one did not already have 
these notions in his mind. Euclid probably did not intend 
that they should be regarded otherwise than briefly describ- 
ing some of their salient properties. 

We see on all sides of us lines which are approximately 
straight, and surfaces which are approximately plane. A 
stretched string or a ray of light visualize a straight line, 
and the surface of a pond a plane. In machinery plane 
surfaces are of great importance; the engineer, the physicist 
and the astronomer are vitally interested in them. How 
are they constructed? One takes three metal plates nearly 
plane and rubs them pairwise together using some abrasive 
powder. In this way we get slightly spherical surfaces, one 
concave and two convex or two concave and one convex. 


* Delivered before the Society and their guests, in a joint meeting of 
this Society and the American Association for the Advancement of Science, 
as the Josiah Willard Gibbs Lecture, at Kansas City, December 30, 1925. 
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By rubbing surfaces together of opposite curvature we 
flatten them. When nearly flat the surfaces may be scraped. 
Their flatness is tested by applying a fine layer of pigment 
and then rubbing them together. Plates may be prepared 
in this way so flat that, although one surface slides freely 
over the other, it requires considerable force to pull them 
apart. In optics, especially for astronomical needs, plane 
glass surfaces are ground so flat that they do not deviate 
from true flatness by more than a tenth of a wave length of 
light, say one five-hundred-thousandth of an inch. 

In this way we may prepare three right trieders each 
formed of three plane surfaces such that two of them resting 
on a third, touch perfectly along another pair of their sur- 
faces. Such plane surfaces cut at right angles; their three 
edges are straight lines which meet in a point. We are now 
in position to construct a straight edge or ruler and hence to 
draw straight lines; also to construct right triangles. With 
straight edge and triangle we can draw parallels. By means 
of dividers or compasses we can draw circles and lay off equal 
segments and angles. With this small equipment we can 
test some of the propositions of euclidean geometry by 
actual construction. Some, by the means we here employ, 
we can never verify. For example, Euclid says only one 
parallel can be drawn to a given straight line. Obviously 
on any given drawing board we can draw through a given 
point a great many lines which do not cut a given line on 
the board. In our mind we enlarge the board, yet for any 
board however large, we see at once that there are always a 
great many non-cutting straight lines. Only when we take 
an infinite plane can we assert that there is even one parallel. 
But now that we have an infinite plane, how do we know 
that there may not be more than one? What do we know 
about the infinite part of space anyway? 

We may go further and ask: Is there an infinite part of 
space? To the naive mind this last question seems almost 
foolish. Is not space boundless? Is there not always a 
beyond? 
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There are three main ways in which we may answer these 
questions. 

1) Space is infinite and there is only one parallel to a given 
straight line through a given point. 

2) Space is infinite and there are two parallels to a given 
line. 

3) Space is boundless but not infinite; there are no parallels 
since any two straight lines in a plane always cut. 

The first gives us the geometry of Euclid, the geometry of 
our every day life, the geometry on which astronomy, 
physics, and engineering rest or did rest till the advent of 
Einstein. The second answer was adopted by Lobachevsky 
and Bolyai just about a century ago (1823-33). That the 
third answer is equally possible was first established by 
Riemann about thirty years later (1854) although his 
results were not published until 1868. The second and third 
geometries are called non-euclidean. All three depend upon 
a certain constant which we may call the space constant k. 
In the geometry of Euclid k is zero, in the geometry of 
Lobachevsky k is negative, in the third geometry k is 
positive. In the classification of conics a similar distinction 
arises, and this has led Klein to call these geometries para- 
bolic, hyperbolic, and elliptic, respectively. 

The reception which greeted the epoch making discoveries 
of Lobachevsky and Bolyai was cold indeed. Geometers 
at that time like a great part of the learned world lay supinely 
under the spell of the great Kénigsberg philosopher Kant, 
according to whom geometry, that is euclidean geometry, is 
an a priori science having apodictic certitude. Gauss years 
before (1792-1817) had discovered the hyperbolic geometry, 
but had not dared to publish his results. 

Writing to Gerling* (1818) he says “‘I am glad that you have 
the courage to (publically) acknowledge the possibility that 
our theory of parallels and hence our whole geometry may 
be false.”” ‘“But the wasps whose nest you thus disturb will 


* Gauss, WERKE, vol. 8, p. 179. 
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fly about your head.” In 1829 he confesses to Bessel* that 
his dread of the clamor of the Boeotians, that is the adherents 
of Kant, may prevent him ever during his life time from 
publishing his extensive researches regarding the foundations 
of geometry. Like Newton, Gauss preferred his peace of 
mind to glory if it had to be purchased at the price of endless 
wrangling. After his death the world learned Gauss’ views 
through the publication (1860-65) of his correspondence 
with Schumacher and in the biographical sketch by his 
friend Baron von Waltershausen (1856). Influenced by the 
great weight of Gauss’ name, geometers directed their 
attention once more to non-euclidean geometry. In 1868 
Beltrami published his representation of the hyperbolic 
plane on the pseudosphere; in the GOTTINGER NACHRICHTEN 
of the same year appeared Helmholtz’s paper on the founda- 
tion of geometry, while in the ABHANDLUNG of the Gottingen 
Royal Society of this year was published the epoch making 
paper of Riemann mentioned above. In 1871 Klein, taking 
over some of Cayley’s results, showed how to establish 
non-euclidean geometry by projective methods. From now 
on, labor in these fields of research has never halted. 
With the advent of Einstein’s general theory of relativity 
(1914-16) a new epoch began. Before we touch on this I 
wish to note briefly a few of the outstanding facts of non- 
euclidean geometry. 


2. Non-Euclidean Geometry. Suppose for the moment our 
space were non-euclidean. We would have rigid bodies in 
it which could be moved about freely without any distortion, 
just as in euclidean space. A stretched string and a ray of 
light would be straight lines in this geometry. The method 
of preparing plane surfaces and right trieders described 
above would still hold good. Everything immediately about 
us would behave as far as we could ascertain as if space were 


euclidean. Let a, b, c be the lengths of the three sides of a 


* Ibid., p. 200; ‘‘da ich das Geschrei der Béotier scheue.” 
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triangle and A, B, C the angles opposite these sides. Then 


our theory tells us: 
sin A:sin B:sinC=a:b:c © in euclidean space; 
(1) <sinkA:sin kB: sin kC=a:b:¢ in elliptic space; 
sinh kA: sinh kB: sinh RC =a:b:c¢ in hyperbolic space. 
Since’ as far as our measurements go, the first relation holds, 
the space constant k is small. 

To picture to our minds how large portions of our space 
would look if non-euclidean, we may imitate the geographers 
who represent the spherical surface of the earth on a plane 
by different kinds of maps. As is well known, the shortest path 
joining two points on a sphere is an arc of a great circle, or a 
geodesic; and these take the place of straight lines in a plane. 
I would like to call your attention to two maps, known as the 
stereographic and central projections. In the first, geodesics 
are represented by circles; in the second by straight lines. 
Stereographic maps are conformal, i.e., two intersecting 
curves meet on the map under the same angle as on the 
sphere. In both maps distances are distorted. 

We have similar representations or models of a non- 
euclidean space in a euclidean space, with this difference: 
if we wish to represent our non-euclidean straight lines by 
euclidean straights, our model will preserve neither angles 
nor lengths. We shall therefore speak only of the model 
which preserves angles. We begin with hyperbolic space. 


3. Hyperbolic Space. We take an e-sphere S of radius R, 
which we call the fundamental sphere.* All points of H-space 
lie within S. H-straights are e-circles cutting S orthogonally ; 
these are the paths of light in this space. H-planes are 
e-spheres cutting S orthogonally. Hence two H-planes cut 
in an H-straight. If our space were hyperbolic our whole 
universe would lie within S and to bodies moving about in 
e-space would correspond figures moving about within S. 
Any one who has looked into a convex mirror (common 


* For e, read euclidean; for H, read hyperbolic; for E, read elliptic. 
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enough on automobiles now) will grasp the spirit of this 
model. Suppose one wished to measure an H-straight (Fig. 1) 
cutting Sin A and B, starting from 
a point P on it. His measuring rod in 
the model would get shorter and 
shorter as he moves toward A or B 
so that PA and PB would have an 
infinite length. Any point Q within 
Sis at an infinite distance in H- 
measure from any pointon S. No 
displacement in space takes a point 
on S in the model off from S. Let ACD in Fig. 1 be an 
H-straight 1 meeting S at A and D, and P a point without. 
Let the H-straights AP, DP cut Sin Band E. Let an H- 
straight m rotate about P in the plane of P, l. 

When ™ lies within the sector APD, it will cut 1; when m 
lies within the sector DPB it will not cut 1. The two H- 
straights PD and PA are the limiting positions of straights 
through P separating the straights which cut / from those 
which do not. They are the parallels of H-geometry. In 
H-space the sum of the angles of any plane triangle ABC is 
less than two right angles. This is obvious in our model. 


men For since figures may be moved without 
8B distortion, we may move the plane of 
ABC so that A coincides with the center 


of S. Two of the sides in the model are 

now e-straights while the third side BC 

is an e-circle orthogonal to S. As its con- 

vex side is turned toward A, we see at 

Fic. 2 once that A+B+C<2 right angles. 

At the points A of an H-straight as LM in Fig. 2 let us 

erect H-perpendiculars meeting S at B, B’. On each per- 

pendicular lay off a segment AP of constant length in H- 

measure. The locus of these points P is an equidistant curve. 

Such a line in e-geometry would be a parallel to the line LM. 

In our model equidistant curves are e-circles; the perpendicu- 
lars as ABB’ are orthogonal to the equidistant curves. 
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We define a circle and sphere in H-space as in e-space. 
Let A be a fixed point; the locus of the points P such that the 
distance of P from A is a constant p in H-measure is an 
H-sphere of radius p and center A. In our model an 
H-sphere is also an e-sphere, but its e-center is not A except 
when A coincides with O, the center of the fundamental 
sphere S. If P is restricted to an H-plane through A, the 
locus is an H-circle of radius p. If we apply the method 
of inscribed and circumscribed polygons employed in our 
school geometries we find the length of the circumference 
of a circle of radius p is 
(2) C=2rR sinh (p/R), 
while its area in H-measure is 

A =2nR*(cosh (p/R)—1). 
If R is large compared with p we have approximately 
C=2xp, A=xp"*. 
The volume of an H-sphere of radius p is 
p 1 2p 


(3) v= — — sinh — 
2R R 


4 
et wp* approximately when p/R is small . 


The area of the surface of the sphere is 
S=47R? sinh? (p/R) . 
The relations valid in a right triangle whose sides are of 


lengths a, b, c in H-measure, and whose angles opposite 
these sides are A, B, C, the latter being a right angle, are 


tanh (a/R) 
sinh (c/R) sinh (6/R) 
cosh (c/R)=cosh (a/R) cosh (6/R) . 
Finally let us show how we can find the length of a curve C 


in this model. If do is the e-length of an element of arc of 
C, its length in H-measure is 
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(5) 


where 7 is the e-distance of the element from the center O 
of S. 


4. Elliptic Geometry. To construct a model of elliptic 
space in e-space we take again an e-sphere S of radius R 
and center O. E-straights in this model are e-circles 
cutting S in diametral points. E-planes are represented in 
the model by e-spheres cutting S along great circles. To 
diametral points in the model as A, B, on S, correspond but 
a single point in E-space. Thus all E-straights are closed 
curves, two co-planar E-straights always cut, and two 
points determine an E-straight. Figures in E-space may be 
moved about freely without distortion. Any straight may 
be moved to coincide with any other: all have the length 7R. 
The model exhibits very clearly that 


SA the sum of the angles of a plane triangle 


| + A, B, Cis greater than 2 right angles. 
— m For if we move the plane ABC so that A 


coincides with the center of S, two of the 


sides in the model are e-straights and the 
third side BC is an e-circle with its con- 
cave side turned toward A. 

All E-straights as PA in Fig. 3, cutting S in A, perpen- 
dicular to a given E-straight LM meet in a point A called 
the pole of LM. The length of all these perpendiculars is 
aR/2 in E-measure. The family of e-circles whose centers 
lie on the straight AOA’ perpendicular to LM and which 
cut the circle S orthogonally are E-circles having A as center. 
Let FQG be one of these cutting S in F, G. Since AQ is an 
E-radius, the segment PQ is constant along FG; hence the 
curve FQG is a curve whose points lie at the same constant 
distance from the E-straight LM. Such curves are called 


equidistant curves; in e-geometry they would be a parallel 
to LM. 


232 
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A peculiarity of E-space is made quite clear by our model. 
Suppose a flat circular disk ABCD in Fig. 4 has its center 
K at O, the center of the fundamental sphere; AKC is a 
vertical diameter and BKD a horizontal 
diameter; the points A B C D correspond 
to 12, 3, 6 and 9 o’clock on the face of a cE 

watch. Suppose the disk is moved in a L GY B 
plane so that its center K describes an fe 
E-straight meeting S in the points L’, 

L’’. When K is at L’, the diameter 
AKC coincides with A’L’C’ on S, to 
which correspond on S the diametral points A’’L’’C’’. The 
right vertical half of the disk ABC is now at A’’B’’C”’ and 
the upper quadrant AKB is now at A’’L’’B” below the line 
L’L’’. Continuing the motion along L O, we see that when 
the center of the disk has returned to O, the disk coincides 
with its original position but A and C have interchanged 
positions. A similar remark holds for a sphere. 

Another peculiarity of E-space is the following. Let / be 
an E-straight, and let AB be two points on either side of I. 
We can pass from A to B without crossing /; for let the join 
of AB cut S in A’B’. Then AA’B’B is a continuous path 
joining A, B since A’=B’ in E-geometry. Thus an E- 
straight does not divide an E-plane into two pieces. Similarly 
an E-plane does not divide E-space into two pieces. Such is 
not the case in e-space. 

Defining a sphere and circle in E-space in a manner 
analogous to I-space, we find in a similar manner 


(6) c=2nRsin(p/R), 


Fic. 4 


p 1 =) 
—- — — sin — }, s=4rR? sin? (p/R). 
OR 4 1 R (p/R) 


Also for a right triangle we have, analogous to (4), 


° 2 sin (a/R) _ tan (a/R) 


cos (c/R)=cos (a/R) cos (b/R) . 
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The E-length of an element of arc of e-length do in the model 


1S 


(9) 


We notice (9) goes over into (5) on replacing R by iR. 


5. The Parallel Axiom. As we have observed, Euclid’s 
geometry is characterized by a certain assumption regarding 
the infinite part of space. In the Elements of Euclid it appears 
as postulate 5 and is known as the parallel axiom. From 
time immemorial this postulate has given offense. Not that 
anyone doubted its truth; but in the form as given by Euclid 
it did not seem as intuitively self-evident as the other axioms 
and postulates. For centuries one believed it was possible 
to deduce it from the other axioms; and countless have been 
the attempts todo so. It was reserved to Lobachevsky and 
Bolyai to show the world that it is possible to deduce a con- 
sistent geometry in which the parallel axiom of Euclid does 
not hold. 

The question arises: Is our space euclidean or is it not? 
To answer this question, Gauss, who was engaged in geodetic 
work in connection with the great Hannover triangulation, 
measured the angles of the triangle whose vertices were 
stations on Hohenhagen, Inselsberg, and the Brocken. As 
reported by Waltershausen, the sum of these three angles 
differed from two right angles by about 0.2’’.. As this amount 
is quite within the limit of error, these observations leave 
the question undecided. They do show, however, that if 
space is not euclidean, the space constant k is small. 

Assuming that space is hyperbolic, Lobachevsky gave a 
method of estimating a lower limit of k as follows. Let AB in 
Fig. 5 be opposite extremities of the earth’s orbit. Let S, the 
sun, be midway between. Let a star D lie on the perpendicular 
SD. Let AD and BD be H-straights whose e-tangents at A 
and B are ACA’, BCB’ meeting at a point C on the per- 
pendicular SD. 


= 
do 

ds = ———_-. 

y2 

4R? 
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If space were euclidean an observer would see the star 
at C, and in passing from A to B the star would appear to 
move through the angle A’C’B’. As- 
tronomers call half this angle the paral- 
lax p of the star. Then in the e-right A 
triangle ACS, s 

p=C=90—A. 
The distance of the star in e-space i.e. B 
as estimated by astronomers is 
SC=AS-tan A=AS- ctn p. 
If space were hyperbolic, we would have to consider the 
H-right triangle ASD. Let AS=a, SD=p in H-measures. 
Then, by (4), we have 


Fic. 5 


inh (a/R 
tan p Rp 


approximately, since a/R is small. Hence 


sinh (p/R)=- 


V p?R?— a? 


This requires that 
PR’>a?, or R>a/p. 
As there are stars whose parallax is less than 0.05” this gives 
R>4-108- a. 


Let us suppose now that space were elliptic. Suppose a 
star A were moving along an E-straight, as LAM meeting 
Sat L, M. An observer at O sees the star in the direction OA. 
As E-straights are closed lines, he also sees it in the opposite 
direction OLMA. Thus to stars having no proper motion or 
small proper motion, should correspond antistars. 

We do not observe such antistars, and we may therefore 
suppose that R is so large that light is absorbed to such an 
extent that the antistars cannot be observed. Let us apply 
this above to the sun, whose magnitude is about —26.5. 
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Assuming we could detect an anti-sun of magnitude 15 let 
us use the relation 
m= —5 log p, 


where m is the magnitude of the sun at a distance correspond- 
ing to a parallax p. Here m=15, hence p=0.001’’. 

To this parallax corresponds a distance a’ =2 - 10° - a, 
where a = OA, the distance of the earth to the sun. Asa+a’= 
7R, we have 

2a 
R=— - 10°=6 - 10’ - a , approximately. 

The distribution of the stars in space has excited the 
interest of philosophers from very early days; scientifically 
the question was first taken up by Herschell (1784). The 
question arises: Is all space loosely filled with stars or do 
they cease to exist outside a certain sphere? Already in 
1826 Olbers noticed that in the former case the whole sky 
would be as bright as the sun, unless the light is partly 
absorbed in its passage through space. C. Neumann and v. 
Seelinger (1896) have noted another difficulty. If we assume 
that Newton’s gravitation law of inverse squares holds good 
throughout all space, we must suppose the density of cosmic 
matter is zero for an infinite space. The milky way or galaxy 
to which our sun belongs is estimated to be within a sphere 
of radius 3 - 10‘ light years. Beyond this are the star clusters 
and spiral nebulae; the nearest of which is perhaps 10° light 
years distant. One light year =6- 10‘ orbrads, or astronomical 
units. 


6. Analytic Formulation. In the foregoing we have been 
able to present many of the results of non-euclidean geom- 
etry in a way easy to visualize. In order to acquaint you 
with some of the more recent work in this field it is necessary 
to have recourse to analysis. It rests on the 1868 paper of 
Riemann mentioned above. 

Geometers define a point in space in a great variety of ways 
by means of three coordinates. Without specifying what 
coordinates we employ we will denote them by %1, x2, %3. 
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We allow these x’s to range continuously over a certain set 
of values; to each set of values in this range corresponds a 
point which we denote by x=(x:x2x3). We call the point 
x-+dx a nearby point, and say the distance of x+dx from 
x is ds, where 


(11) ds*= ; 5 (7,7 =1,2,3) . 


Let x1=¢:(t), x2=¢2(t), x3=¢3(t); when ¢ ranges over a 
certain interval (a, 8) we say x describes an arc of a curve C 
whose length is 

(12) 

If 

(13) 


we say C is a geodesic. In e-geometry these are straights. 
Let C, C’ be two curves meeting in a point x; the angle @ 
between these curves is defined by the equation 


dx; dx; 
(14) cos 0= a4; 


ds 
We call 


the direction constants at the point x along C. A pencil of 
geodesics whose direction constants are 
(16) - vic 


define a geodesic surface. In e-geometry this is a plane. We 


call 
G11 Gi2 13 


(17) 
G32 33 


the determinant of the form (11) and define the element of 
volume by 


(18) dv=VJ/|a| - . 


dx; 

(15) (t= 1,2,3) 2 
ds 
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These definitions show that the fundamental elements of a 
given geometry depend on the quadratic differential form 
(11). We say this form defines the metric of the particular 
geometry or space considered. Let us consider two geom- 
etries defined by the two forms (11) and 


ds = > a;;dx dx; ; 


we ask when are these geometries essentially the same. This 
occurs when there is a continuous one to one correspondence 
between the x, x’ such that on changing from one set of 
variables to the other ds goes over into ds’ and conversely. 
In fact, to a figure Fin the x-space will correspond a figure 
F’ in the x’-space such that corresponding lengths and angles 
in the two figures have the same values. In this case we say 
the two forms ds and ds’ are equivalent, so that to equivalent 
forms correspond the same geometry, at least for not too 
large regions. 

For example, consider the geometry on a cylinder or cone. 
By cutting the surface along a rectilinear generator it may 
be rolled flat on a plane without distortion. Geodesics on 
one of these surfaces become e-straights on the plane. The 
geometry on these surfaces is thus essentially the same as 
e-plane geometry for figures not too large. ; 

To find analytic conditions in order that ds’=ds, we 
introduce the following symbols due to Christoffel: 

1 Odar 04g 


[ 


=> Tra,u+ T 
Oxa 


Here a“=minor of a, divided by a. 


| 

(20) 
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We need also a four-index symbol due to Riemann: 
| 

— 


(22) (ud, jk) = Roy = 


from which we form 


(23) {ra,jk}=Rin= Dra (ud, jk) 


Ox; 


(24) Ru a "Ruy. Ria, 


is 


(25) R= Ru. 
Ak 


We can now state a necessary condition in order that ds” be 
equivalent to ds?, viz.: 
Ox, Ox; 


(26) (a5, By)’= >> (rk, ih)- 


rkih ie! 


where the symbol on the left refers to ds’. This is called the 
condition of integrability. There is an important case 
when this relation is identically satisfied, viz., when the 
coefficients a;; in ds* satisfy the relations 
(27) (rk ih) = K 


where K is a constant. 

As an example let us consider a surface S whose coordinates 
are expressed as functions of two parameters x1, x2. Let 
the metric on S be given by 

The 16 symbols (a6, 4) are here all 0 except 
(12,12) = —(12, 21) = —(21,12) =(21, 21). 
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This symbol (12, 12) is closely related to what Gauss called 
the curvature of a surface at a given point. In fact let v be 
the normal to S at a point x. Any plane through p cuts out 
a normal section C which will have a certain curvature at x. 
There are two planes at right angles to each other for which 
the curvatures x}, Kk, are a maximum and a minimum. Gauss 
calls 


(28) * Ke 

the curvature of S at x. We find now that 
12,12 


a 


(29) 


In general k is not a constant as x ranges over S. If we set 
r=1, k=2, 1=1, h=2 in (27) we see K=k at x. For this 
reason a space whose metric (11) satisfies (27) is said to be 
of constant curvature K. 

We have now the following facts: 

1) If two metrics have the same constant curvature they 
are equivalent. 

2) In space of constant curvature there are *® displace- 
ments or transformations which leave ds unaltered. A 
trieder whose vertex is A can be displaced so as to coincide 
with a given trieder whose vertex is A’. 

3) In space of constant curvature k, we may choose as 
coordinates x1, x2, x3 such that ds? takes the canonical form 


dx,+dx,+dx, 


{1+ 


When k? <0 we get the geometry of Lobachevsky and Bolyai; 
when k?>0 we get elliptic geometry and another geometry 
in which two straights cut in two points. For »=2 this gives 
geometry on a sphere. We may call this second type of 
geometry for a positive k, spherical or sphero-elliptic. When 
k=0, the metric is euclidean. 
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4) The necessary and sufficient condition that ds? can be 
brought to the form ds? =c,dx,+c2dx3+c3dx3, where the c’s 
are constants, is that the symbols (a8,7) should all be zero. 
In case the c’s are all positive we can reduce this to 


ds*=dy'+ + 


i.e. this space is euclidean. 

We return now to the general case. Suppose the space S 
which we are considering is not of constant curvature, what 
then? We will suppose its metric is given by (11). Let x bea 
point of S and a an arbitrary plane through x. The geodesics 
through x whose tangents lie in a form a geodesic surface G, 
whose equations in parametric form are, say, 


= 41 U2) ’ Xo = U2) U2) 


From them we get 


Ox Oxy 
dx, = du, +—-du2, 
Ou, Ue 


which in (11) gives the metric on G, viz.: 


We define now the curvature of G, at x by 


(32) 
Qa 

where a@ is the determinant of (31) and (12, 12). is the 
Riemann symbol relative to the metric (31). If we let the 
plane @ turn about x we find there are three positions ortho- 
gonal to each other corresponding to maximum and mini- 
mum values of k; call these ki, Re, ks. If now £1, £2, £3 of (15) 
are the direction constants of the normal to a we have 


(33) ha= ky + hats 


as the curvature of space at x for a given orientation a. 
Levi-Civita has introduced a notion which has led to im- 
portant generalizations of our ideas of space, in the hands of 
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Weyl and others. Let C be a curve on the surface S; x and 
x+dx are two nearby poinis, a is an infinitesimal vector lying 
in the tangent plane r at x. Let us move a from x to x+dx 
parallel to itself. This vector 8 will not in general lie in S. 
Let us therefore resolve 8 into two components, one lying 
in the tangent plane r’ at x+dx, call it a’, and the other 
component normal thereto. 
If £,, &, &; are the direction cosines of a and 


ds 


those of a’, we have 


dé; ( jk 

ds ik ds 4 

We generalize the foregoing considerations as follows. Let 

an elementary vector in space, whose components are 

A’, A”’’, A’”’ be displaced from a point x to x-+-dx such that 

the new components A‘+dA?* satisfy 


13 
(34) dAi+ (i=1,2,3) . 
ik t 


Such a displacement is called an infinitesimal parallel dis- 
placement, or a geodetic displacement. 

If dx;, dx2, dx3; are the components of the infinitesimal 
vector along the tangent to a geodesic G in space, we have 


(i=1,2,3); 


(35) — — — (i=1,2,3) 
ik 
which are the equations of G. 
Hence the displacement of a tangent along a geodesic is a 
case of infinitesimal parallel or geodetic displacement. Let 
us displace geodetically the elementary vector (A’, A’’, A’’’) 


substituting this in (34), we find 
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around a closed curve C. We find that the components A‘ 
have changed by the amount 
"= > A xy G= 1,2,3) 
C 

If the curvature tensor is 0, AA‘ is zero and conversely. 
Thus only in flat spaces does a vector remain unchanged 
when displaced geodetically along a closed curve. For 
example, if we displace geodetically a vector over the sides 
of a geodesic triangle on a sphere we find its direction has 
changed at the end of the circuit by an amount equal to the 
spherical excess of the triangle. 

On the other hand, if the vector A” whose squared length 
is ? is moved parallel to itself around a small circuit we find 

d -P=)>° , 


ura 


where 


(36) (= Fan.) 


2 ax, 


As here Ky,¢=0 by (21) we see that d - ?=0, i.e., 1 is un- 
changed. 

Let dx=PA, 5x=PB be two elementary vectors; they 
determine a geodetic surface G. On displacing geodetically 
PA along 5x let A pass to C; we find if we displace PB geo- 
detically along dx, that B coincides with C. Let us move an 
elementary vector v geodetically around the parallelogram 
PACB whose area we call Aa. At the end of the circuit we 
will suppose v has become v’, making an angle A@ with v. We 
find now that the curvature k of G at P is 


which gives an elegant interpretation of k. 


7. Higher Dimensional Space. According to Minkowski 
(1908) our universe is a four-dimensional manifold; we must 
therefore say a few words about four-dimensional or more 


37 

(37) 
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generally n-dimensional space. To “the man in the street” a 
4-way space is a thing of mystery and awe. He has heard that 
if space had a fourth dimension a person could escape from a 
room, closed as to three-way space; a closed surface could be 
turned inside out like a glove; knots in closed strings could 
be untied etc. Such facts were used by spiritualists to make 
plausible the manifestations of the so called spirit world; as, 
for example, by F. Zéllner, professor of astrophysics at the 
University of Leipzig. 

This is not the point of view of the mathematician. To him 
n-way space is a figment of the brain. Let x1,--- ,«, ben 
variables; the complex (x1, - - - ,¥,) he regards as defining a 
point x, and m-way space is the totality of these points. Let 
the parameter u range over a certain set of values, say 
asxu<fB; the points x whose coordinates are 


are called a curve, or a segment of a curve. Let v be another 
parameter; the points whose coordinates are 
°° 0) 
lie on a surface, etc. A linear relation between the x’s, as 
defines a plane; the equation 
(x%1— 41)? +(x2—a@2)?+ + + R? 


defines a sphere whose center is a and whose radius is R, etc. 
One sees that the method of procedure is simply one of 
generalization of the equations of ordinary analytic geome- 
try. If one wishes an n-dimensional non-euclidean space, we 
replace the metric ds? =dxi+ by 
The only difference between this and (11) is the number of 
variables x. All the notions of 3-dimensional non-euclidean 
space developed in the previous section may be extended at 
once to m-way space. 
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I suppose the layman will think n-dimensional geometry is 
a crazy fiction,and mathematicians who study it rather want- 
ing in common sense; yet such is not the case. In the first 
place I would observe that all abstract geometries are pro- 
ducts of our mind, the euclidean geometry of our text books 
being very closely related to the geometry of physical space 
as manifested to us by our sense perceptions. There is there- 
fore no a priori reason why we should not free ourselves from 
the trammels of three dimensions and see what is to be gained 
by imagining space of higher dimensions. 

The first to suggest a space of more than three dimensions 
as far as I have ascertained was Lagrange. In his Théorie 
des Fonctions (1797) he says; ““Thus we may regard mech- 
anics as a geometry of four dimensions, and analytic mech- 
anics as an extension of analytic geometry.” 

Cayley in the early 40’s saw clearly the service that space 
of higher dimensions might render in studying ordinary geom- 
etry and Grassmann in 1844 treated it systematically in his 
Ausdehnungslehre. Gradually it has become an integral 
part of geometry. Even the pre-Einstein physicist found 
it convenient, so for example in the kinetic theory of gases. 
The motion of each molecule of the gas is given by 6 coordi- 
nates, viz.:the three coordinates x,y,z of its center of mass and 
the three components u,v,w of its velocity. Consider a gas 
formed of N molecules in a closed container; it is convenient 
to represent the state or phase of the gas by a point in 6 N- 
way space. As there are something like 3 - 108 molecules in 
1 ccm at 0°C, and pressure of 1 atmosphere, one sees that the 
dimensionality of this space is a tidy little number. 

We need one more notion before taking up the ideas of 
Einstein. When Kepler and Newton came to study from a 
fresh point of view the motion of the planets, they found 
ready for use the properties of conic sections developed by 
the Greek geometers centuries before. With no thought of 
gain, actuated only by an ideal love of science, Appolonius 
of Perga and many other ancient geometers had studied the 
conic sections and we may well believe that the whole history 
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of modern astronomy would have been different if this theory 
had not been known. 

In a manner quite similar, Einstein found ready for use a 
calculus without which there would have been no general 
theory of relativity. This calculus was called by its inventors, 
Ricci and Levi-Civita, the absolute differential calculus; the 
name tensor analysis seems to be preferred to-day. 

What is a tensor? Consider the m quantities 


(39) A’=dx, --- ,AM=dx, ; 
they are the components of an infinitesmal vector A. Let us 


introduce nu new variables x,, - - - , x, and set 


Ox; Ox; 


Ox; 
Then the n quantities 
A'=dx, --- ,A™=dzx, 


are related to the original m quantities (39) by the equations 


(40) A® (i, j= 1, 2, n). 
i 


In general any m quantities A’, A’’,---,A™ which are 
transformed, on introducing m new variables, according to 
(40) form a contravariant tensor of order 1. 

Similary, the ”? quantities a‘ relative to (38) go over, on 
changing from the x to the x’ variables, into 


@=)) . 
Any n? quantities A‘ which are transformed in this manner 
form a contravariant tensor of order 2, and so on. 


Let o(x1,%2, - ,Xn) have continuous first derivatives 


dg 
Ox1 


On changing to the x’ variables, these become 


4 
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Any n quantities A;,---,A, which are transformed in a 
similar manner form a covariant tensor of order 1. 

A set of n? quantities A;; which are transformed by 

(41) pabivAn 

form a covariant tensor of order 2. The coefficients a4; in 
(38) form a tensor of order two. The n* Riemannian symbols 
Ryy, jx = (ud, jk) formed on the general metric (38) transform 
as in (26); they form thus a covariant tensor of order 4. 

If the law of transformation of 2” quantities involves a 
factors and factors where m =a+ we say they form 
a tensor of order m, covariant of order a and contravariant of 
order 8. Thus the Rx, of (23) form a tensor of order 4, covari- 
ant of order 3, contravariant of order 1. The Ry, of (24) form 
a covariant tensor of order 2. The R of (25) isaltogether 
unchanged by transformation; it is an invariant; so is ds? in 
(38) ; so is cos @ as defined in (14) relative to the ds? in (38). 


8. Restricted Relativity. Let us return for a moment to the 
fundamental concepts of geometry, the straight line, the 


plane etc. All our mechanics, physics etc. were founded on 
euclidean geometry until the advent of Einstein. For ex- 
ample all pre-einsteinean optics rests on the assumption that 
light travels in a euclidean straight line and astronomers use 
this theory to make delicate tests in constructing plane 
mirrors. Now eclipse observations seem to show that light 
in passing a massive body like the sun is deflected; its path 
apparently resembles a very flat hyperbola. If space is not eu- 
clidean, what kind of a space is it? 

Almost 50 years ago (1870) Clifford inspired by Riemann’s 
great paper of 1868 held the following beliefs: 

1) That small portions of space are, in fact, of a nature 
analogous to little hills on a surface which is on the average 
flat ; namely that the ordinary laws of geometry are not valid 
in them. 

2) That this property of being curved or distorted is con- 
tinually being passed on from one portion of space to another 
after the manner of a wave. 
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3) That this variation of the curvature of space is what 
really happens in that phenonenon which we call the motion 
of matter, whether ponderable or ethereal. 

+) That in the physical worid nothing else takes place but 
this variation, subject (possibiy) to the law of continuity. 

Clifford never succeeded in putting these ideas on a solid 
footing; they were too far in advance of the epoch. Instead 
of being realized by one grand effort of genius the fates that 
rule the evolution of human thought decreed that they should 
be unfolded to our eyes in a series of lesser steps; non-eu- 
clidean differential geometry, tensor analysis, the Michelson- 
Morley experiment, the laborious efforts of Lorentz, M. 
Abraham, Larmor, Poincaré, leading up to the restricted 
relativity theory of Einstein (1905). This theory welded into 
a physical entity the 3 coordinates of space x,y,z and the time 
t. Minkowski began his Cologne address (1908) with these 
revolutionary words: 

“The views of space and time which I wish to lay before 
you have grown up from the fields of experimental physics. 
In this fact lies their strength. Their tendency is radical. 
From this hour onward, time and space as independent ele- 
ments must sink down to shadows, and only a union of both 
shail preserve an independent existence.” 

From this standpoint, only events exist, a happening at a 
given place x,y,z and time ¢. To specify an event, these 4 
numbers are always necessary; the universe is a 4-dimen- 
sional continuum whose metric is given by 


(42) ds?= dx?+ dy*?+ dz? — . 


As we have seen this is a space of constant curvature 0; and 


any section of it corresponding to ¢=constant is euclidean. 


The restricted relativity theory made a great stir in the 
scientific world; its teachings ran sheer counter to notions 
which since the days of Newton had formed the ground work 
of our scientific thinking. Newton began his Principia by 
postulating an absolute space and an absolute time; relativity 
relegated these to the scrap heap. Simultaneity of two events 


1926.] THE GIBBS LECTURE FOR 1925 249 


lost its former absolute meaning and was shown to be a rel- 
ative concept depending on the motion of the observer; in a 
similar manner the mass of a body was no longer an absolute 
attribute. The luminiferous ether which Lord Kelvin in his 
Baltimore Lectures (1888) said we knew more about than we 
did of air, water, glass, iron was declared to be non existent. 

No such revolutionary ideas had shaken the scientific 
world since Copernicus removed the center of our little world 
from the earth to the sun. 

In the simplest manner it extricated physicists from a most 
embarassing position, bringing unity and clarity where before 
confusion and otscurity had reigned. It required us indeed 
to give up certain ways of thinking which long custom had 
led us to accept as necessary forms of thought; but so did the 
teaching of Copernicus, Bruno, Kepler, and Galileo. 


9. General Relativity. FEinstein’s theory of 1905 was tied 
down by two restrictions; only rectilinear uniform motions 
were considered and the velocity of light was assumed to be 
strictly constant. In 1914 he proposed a broader theory in 


which both these restrictions were removed. In this theory 
the metric (42) was replaced by 


(43) ds?= (ij=1,2,3,4). 


Here one of the variables, as x4, is the time coordinate, and 
the a’s are functions of the x1, - - - ,x4such that in the vicinity 
of a given point x the form (43) reduces to (42) for a properly 
chosen set of coordinates. All equations describing physical 
phenomena were to have tensor form. For example, let Ay, 
be the 16 components of a tensor and suppose the 16 equa- 
tions 


(44) Ay.=0, (A, 1,2,3,4) 


expressed a physical fact. On changing to another set of coor- 
dinates x, X2, X3, *, the components A become by (41) 


> (i,j =1,2,3,4) . 
u 
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Here each term A,,=0; the equations (44) are replaced by 
the equations 

A,=0, (i,j =1,2,3,4) , 
which bear the same relation to the transformed ds” as A,; to 
(43). We express this condition by saying that the equations 
of mathematical physics must be invariant relative to all 
transformations of the coordinates. 

In general, the metric (43) is not euclidean; the path of a 
free particle will not be a euclidean straight; its deviation 
from such a path is due to gravitational masses. Einstein 
assumes the warp or twist of space, characterized by a purely 
geometrical tensor, is measured by a purely physical tensor. 
As geometrical tensor, Einstein takes (24), (25) 


1 a 


as physical tensor he takes for a continuous medium of proper 


density p 


dx; dx; 
parity; 
ij 


ds ds 
Then the coefficients a,; of the metric (43) are determined by 
(45) Gy,=—KTy, - 


where x is a universal constant. Where there is no matter, 
p=0 and 7y.=0; then the 10 unknown coefficients a¢; de- 
termining the metric are given as solutions of the ten partial 
differential equations 
(46) 
As a special case consider the warp of space produced by a 
single heavy body as the sun. Einstein finds 
2 

dy? dx, 

1—u/r 1—y/r 


Here 7,¢,9 are polar coordinates, x4 is the time coordinate and 
p=2km/c=3 - 10'c.g.s. units, m= mass of sun, c=3 - 10!°cm. 
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per sec.=velocity of light. For x4=const., dxy=0, and (47) 
gives as metric of the 3-way space around the sun 
dr 
(48) —ds?=——-—. . 
1—p/r 

It is not euclidean. The path of a particle freely moving 
about the sun is a geodesic. Such a particle in Newton’s 
theory describes an ellipse; in Einstein’s theory it describes a 
slowly turning ellipse. This is verified in the case of Mercury. 
Einstein’s theory also requires that light shall be bent when 
passing a heavy body and the spectral lines shall shift toward 
the red. This has also been verified. 

In 1917 Eiastein published his Cosmological considerations. 
As we do not know much as to the distribution of cosmic 
matter in the depths of space, such considerations are highly 
hypothetical, but it is interesting to see what results one can 
deduce. A number of reasons led Einstein to adopt as metric 
of the time-space universe 


dxs+-dxs 


(49) ds? = — 
[1+ | 


For dt=0 this gives the metric of elliptic or sphero-elliptic 
geometry. Among the reasons which influenced this choice 
we may note the following: 

1) If space were infinite the values of the a;; at infinite 
distance would be troublesome. 

2) Identifying cosmic matter with gas molecules in isother- 
mic equilibrium we may use Bolzmann’s formula 


po/p e® %)/RT 


where p is density and v velocity. If now p approaches zero 
while po is finite, » must become infinite; that is, the stars 
would have very large velocities. On the other hand p must 
approach zero unless the force of attraction of the matter of 
the universe, supposed infinite, on a given particle is inde- 
terminate or infinite. 
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The coefficients a;; of the cosmological metric (49) do not 
satisfy the field equations (45), and Einstein was compelled 
to introduce a new universal constant A. The equations (45) 
are replaced by 


(50) Gog — \dap = — KT ap ; (a,B=1,2,3,4) . 


The constants «x, are related by 


2 
51 2h=Kp , =—, 
(51) Kp 


where 1/R?=k is the curvature of the x1,x2,x3 space, and p is 
the density of cosmic matter supposed on the whole to be 
constant. Now Kapteyn estimates that there are 80 suns of 
about the same mass as ours in a cube about our sun having 
sides of lengths 10 parsecs or 3 - 10! cm. Then 


p=5-9-10-%. 
Hence 
R=1-3 197 
=9 - 10" orbrads . 


DeSitter has given (1917) another solution of the field equa- 
tions (50). He finds that the a;; of the metric 


(52) — R? { dp?+sin%p (dy*+sin*ydé?) } -+c*cos*pdi? 


satisfy (50) if we take 
3 
This metric is spherical with respect to the time coordinate 
t, as well as to the space coordinates. According to this 
theory we should find: 
1) That light changes its wave length X, due to mere dis- 
tance according to the formula 


Ax 
(54) =+tanp, 


i.e., the spectra of distant stars should show a systematic 
shift toward the red. 
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2) Celestial bodies at a great distance have on the average 
a greater velocity than those near to us. Quite recently 
astronomers have succeeded in measuring the apparent 
motion of distant nebulae and star clusters, and both of these 
predictions have been verified thus far. 

L. Silberstein (1924) has used the DeSitter shift toward 
the red to estimate the space constant R. He finds approxi- 


matel ; 
y R=6.10" astronomical units, 


a result which agrees well with the estimate made by 
Einstein, as above mentioned. 


10. Electro-Magnetic Phenomena. In our sketch of Ein- 
stein’s theory thus far, we have considered only the effect of 
gravitation; the equations (50) which determine the a;; of 
the 4-dimensional universe take no account of electro- 
magnetic phenomena. To account for this side of nature, 
Einstein introduces a covariant tensor which 
he identifies with the electromagnetic potential. By means 
of the y’s and the g’s it is easy to write down the equations 
corresponding to the field equations of Maxwell. 

According to this theory the metric of the universe is 
determined by gravitational matter and not at all by electric 
masses which may be present; it seems however as though 
electric masses should play some part in determining the 
metric of the universe. 

In 1918 H. Weyl, generalizing the parallel displacement of 
Levi-Civita, showed how a 4-dimensional geometry could 
be constructed, embracing gravitation and electricity in an 
organic manner. Weyl’s ideas have been further extended 
by Eddington (1921), by Finstein himself (1923-25), by 
Wirtinger, Cartan, Schouten, Eisenhart, Veblen, and many 
others. In fact a new branch of differential geometry has 
been created in the last few years which includes the geom- 
etry of Riemann as a special case. By identifying certain 
tensors which arise in this theory with gravitational and 
electrical phenomena we obtain various ways of defining 
the structure of physical space. 


i 
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In Riemann’s geometry we start with a given metric (11) 
or (38) by means of which we form the Christoffel symbols 
{**}. Then with the vector A* at x we associate the vector 
A*+6A%at the point x-+dx where 


a 


Similarly with the vector Ag we associate the vector Ag+5Ae 
at the point x-+-dx where 


(56) 5Aa=dAa— Ay 


The equations (55) and (56) define covariant differentia- 
tion in Riemannian geometry. In the new geometry we 
define these differentials by analogous expressions, viz.: 


(57) 6At*=dAt+ AT , 


(58) 5Aa=dAat >) 

where Ix,, Ay, are arbitrary functions of x1,---, 24. We 
regard (57) and (58) as defining an affine connection of the 
vectors A* and A, at x with those at x+dx, or as defining 
geodetic differentiation of the A* and Ag. When the A* and 
the Aq are transported along a curve such that 6A =0 we 
call the displacement a parallel or geodetic displacement. 
The geodetic differentials of tensors of higher order are 
formed in a manner analogous to their covariant differen- 
tials. Thus if a™ is a tensor of order 2 


Qa'dxa, 
where 
da 
Qo" = — That 
OXa B 


In Riemann’s geometry Qy,=0; while in Weyl’s, 


| 
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The Ix, and Ax, are not tensors but 


Crxu= Tin &=0 or 1, as ar 


Sku=4 
are, as their labels indicate, tensors of order 3. In the geom- 
etry of Riemann, Weyl, and Eddington the Cx, and Sy, 
are 0. By means of a, Qx,, Cu and Sx, the parameters T 
and A can be simply expressed, and by making various 

assumptions different geometries arise. 
If we displace geodetically the elementary vector A* 
around a small circuit, we find that the A* have changed by 


1 
AAa=— ? 


Aur 
where dS” is an element of area and By,, is what Rj,, in 
(23) becomes when the Christoffel symbols are replaced 
by the I’s which enter (57). Contraction of the By,, gives 
us By, analogous to (24). 
If we define the length 7 of an elementary vector A‘ by 


ij 


we find on displacing geodetically A‘ from x to x+dx, 
that /? has changed by the amount given in (36), when we 
replace the Christoffel symbols which figure there by the 
I’s of (57). In passing we may remark that in Weyl’s 
theory 
k= 
Let us see how Einstein uses this theory in his last paper 
(1925). He takes C,=0; there are thus 64 I’s and 16 a’s to 
determine. To effect this he sets 
yy 


and introduces the scalar density 


H= >> gBy, . 


255 

CC 


256 JAMES PIERPONT [May-June, 


He then assumes that all the variations of the integral 


relative to the I's and g’s, regarded as independent variables, 
vanish. This gives 64+16=80 equations to determine the 
80 unknown g’s and I's. 


11. The Geometry of Paths. In the foregoing, we have 
generalized the geometry of Riemann by generalizing the 
notion of parallel displacement; we may also proceed along 
another route as Eisenhart and Veblen (1922 et seq.) have 
shown. We are led to similar results but from another point 
of view, which, as these authors have shown, has important 
advantages. 

As above we take the n?® functions of %, and 
write down the system of m differential equations 


These define a family of “curves called paths which like 
straight lines in euclidean space serve as a means of finding 
one’s way about.” These paths are geodesics in a Riemann 
space when there exists a metric ds? whose coefficients 
satisfy (21). In the general case the . may be used to 
define an affine connection as in (57) while (58) is deter- 
mined by taking Ax, = —Ty,. 


12. Conclusions. Let us bring this paper to a close by 
making a few remarks of a general nature. We began by 
describing what may be called the naive view of space. 
What space is per se is not discussed; its properties are 
codified in the geometry of Euclid. This geometry was 
taken over in toto by the physicist, astronomer, and engineer 
as the foundation of their science. Now Euclid’s geometry 
had one weak spot, the notorious “fifth axiom.’”’ D’Alembert 
(1767) called it “le scandale des éléments de la géométrie.”’ 
All attempts to prove this axiom, which seemed more like 


dx; dx, dx, 

ds? ds ds 
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a proposition than a true axiom, were in vain. Finally 
Lobachevsky and Bolyai (1823-1833) showed how a con- 
sistent geometry might be constructed in which the parallel 
axiom did not hold. With this discovery a two thousand 
year period in geometry is closed and a new epoch begins. 
At first the significance of the Lobachevsky and Bolyai work 
was two fold. 

1) It showed that the parallel axiom could not be proved 
and further attempts to do so were doomed to failure. 

2) It bore heavily against some aspects of Kant’s phil- 
osophy, particularly as to the a priori character of euclidean 
geometry. 

Very gradually another view of space took shape. Gauss 
in a letter to Bessel (1830) writes “In all humility we must 
admit --- that space has a reality independent of our 
mind and that we cannot lay down all its axioms”. 

This view of space we have seen was further developed 
by Riemann, Helmholtz, and Clifford (1854-1870). 

We may characterize it briefly thus: Our sense percep- 
tions, our daily experiences furnish the mind crude material 
which is worked up by it. One of its products is our notion 
of space. In the older view it was naively believed that our 
knowledge of this space, as far as its essential properties 
were concerned, was complete, and was embodied in the 
geometry of Euclid. Not so in the present view. According 
to this, the data of experience must be refined or idealized 
and rendered definite before a science of space, i.e., geometry, 
is possible. This idealization is effected by laying down cer- 
tain definitions and axioms. A model of space is constructed 
in the same sense as Newton’s mechanics is a mechanical 
model of the real world of mass and force, or Huygens un- 
dulatory theory of light is a model of the real phenomena of 
light. These models we call abstract geometries. Euclid’s 
geometry is one, the geometry of Lobachevsky and Bolyai is 
another so are the sphero-elliptic geometry of Riemann, the 
elliptic geometry of Klein and Newcomb. There are many 
others. Which of these is most truly in accord with physical 
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space must be found out by experience. But as soon as we 
begin to measure, we fall into a bottomless morass of physical 


theories; does our measuring rod change as we move it about, 
is the path of light a euclidean straight, are our mirrors 
euclidean planes; in short, geometry and physics seem in- 
dissolubly bound together. It must be remarked, however, 
that these views were not held by the rank and file of the 
scientific world. Indeed the attitude of scientists was more 
like the attitude of the scholastic world as whether the earth 
was flat or a sphere. 

This state of mind was rudely shaken by the appearance of 
the theory of relativity (1914 et seq.). This theory not only 
requires a space whose structure is in constant flux, chang- 
ing with every displacement of gravitational or electric 
masses, but it also gives the means of experimentally deter- 
mining this structure. 

A most significant fact in the latest development of the 
theory of relativity is the preponderant role played by 
geometry. There is no one theory of relativity and to-day 
geometers are discovering, as we have seen, new geometries, 
one of which may prove the best adapted to give an in- 
telligible picture of the physical world from the standpoint of 
relativity. 

YaLe UNIVERSITY 
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NOTE ON A PROBLEM IN APPROXIMATION WITH 
AUXILIARY CONDITIONS* 


BY DUNHAM JACKSON 


Let p(x) and f(x) be two given functions of period 27, 
the former bounded and measurable, with a positive lower 
bound, the latter, for simplicity, continuous. Among all 
trigonometric sums T,,(x), of given order n, there is one and 
just one for which the value of the integral 


(1) f ‘o(2) [/(2) — Tala) 


is a minimum. If the weight function p(x) is identically 1, 
it is a matter of familiar knowledge that the minimum is 
reached when T,(x) is the partial sum of the Fourier series 
for f(x). A considerable amount of attention has been given 
recently to the problem of the convergence of the minimizing 
sum T,(x) toward f(x), as » becomes infinite, under the 
generalized conditions that result from the admission of an 
arbitrary weight function. 

Let x1, -- -, xv be N values of x in the interval 0<x<2z. 
The problems of the preceding paragraph may be further 
varied by admitting to consideration only such sums T,(x) 
as satisfy the conditions 


(2) T2(x:) =f(x;), (@=1, 2, N), 
and inquiring after the minimum of the integral (1) subject 


to these auxiliary conditions. It is understood that the given 
value of is large enough so that the conditions (2) can be 


* Presented to the Society, April 3, 1926. 

{ Cf. e.g., D. Jackson, Note on the convergence of weighted trigonometric 
series, this BULLETIN, vol. 29 (1923), pp. 259-263, where further biblio- 
graphical references will be found; also D, Jackson, A generalized problem 
in weighted approximation, TRANSACTIONS OF THIS SOCIETY, vol. 26 (1924), 
pp. 133-154. 
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fulfilled ; for this it is sufficient that n2=>4(N—1). There is 
no essential novelty in the proof of the existence and unique- 
ness of the sum which yields the minimum. The notation 
T,(x) being restricted henceforth to this “approximating 
sum,” it is the purpose of the following lines to discuss the 
convergence of 7,(x) toward f(x), as m increases without 
limit. The question is not trivial, even if p(x) =1. It is quite 
distinct from the conventional problems of interpolation, 
inasmuch as N is fixed, and does not increase with n. 

For each value of n(=>3(N—1)), let a continuous function 
¢n(x) be defined, having €, as an upper bound for its ab- 
solute value, and such that 
(3) (¢=1,2,---, WN). 
Let 7,(x) be the approximating sum of the mth order for 
n(x); that is, the sum which minimizes the integral 


0 

subject to the conditions 


Exactly as in the absence of the restrictions (3), (4), 1t may 
be shown* that 


n(x) , 

where k is independent of m (expressible, in fact, in terms 
of the ratio of the upper and lower bounds of p(x), and in- 
dependent of anything else). The new conditions call for 
notice only to the extent of the observation that a trigo- 
nometric sum which vanishes identically comes within the 
requirements of (4). Furthermore, it is recognized at once 
that if ¢,(x) is defined by the relation 

Pn(x) =f(x) — t, (x) 
where /,(x) is a trigonometric sum of the uth order taking 
on the same values as f(x) at the points x1, X2,---, xn, 
then 7,(x) and 7;,(x) are related by the identityT 


* D. Jackson, this BULLETIN, loc. cit. 
{ Cf. this BuLLETIN, loc. cit., p. 261. 
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Tx(x) =7,(x) —i,(x), 
so that f(x) —7,(«) =¢,(«) —7,(«) indentically, and 


The formulation of sufficient conditions for convergence is 
reduced then to the determination of the order of magnitude 
of €,, the measure of the accuracy with which f(x) can be 
uniformly approached by trigonometric sums ¢,,(x) such that 
(5) t, (xi) =f(xi) , (¢=1,2,---, WN). 

Let yi, y2- be any N numbers subject to the con- 
ditions’ ly;| <1, 4=1,2,---,N. If N is even, let xo be 
a point in (0, 27) distinct from %x, x2, ---,xy, and let 
yo=1. Let t(x) be the trigonometric sum of order 4(N—1) 
or 34N, according as N is odd or even, which takes on the 
values [yo], ¥1,---, wv at the points [xo], x1, ---, xw. 
Let g be the maximum of |t(x)|. This g is a continuous 
function* of y1, ye, ---, yv, and has a maximum G, as the 
y’s range over all admissible values. If 1 is replaced by 7 
as upper bound for the absolute values of the y’s, the great- 
est possible absolute value of the corresponding ¢(x) is Gy. 

Now suppose it is known that for each n23N there is a 
trigonometric sum ?,,(x), of the mth order, satisfying every- 
where the relation 


f(x) | Sam, 
but not further specially restricted at the points x1, - - - , wy. 
Let 


=f (xi) — 2; N), 
and let ¢(x) be determined as above, for this set of y's. 
Then where G is independent of (being 
dependent only on x;,---,%nv). The determination of 


as is well known, 
sind (x;_x1) - sink (xg _x¢-1)sin} (xj —2441) sing 
when Ni is odd, the initial index 1 being replaced by 0 when N is even. 


261 


262 DUNHAM JACKSON [May-June, 


t(x) is different for different values of ”, but each ¢(x) is 
itself a trigonometric sum of order N at most. The identity 


tn(x) = bn(x) +4(x) 


defines a sum of the mth order such that the conditions (5) 
are fulfilled, and such that 


—ta(x) | $(1+G)m 


As the factor 1+G is independent of n, this means that the 
order of the attainable approximation is not affected by 
the imposition of the restrictions (5). 

In particular, if w(6) is the maximum of | f(x’) —f(x"’) | 
for |x’ —x’’ | <6, and if lims.o w(5)/ 6 =0, sums #,(x) will 
exist* such that lim,.,, 7." =0, and there will consequently 
be sums ¢,(x) such that V/n=0. We may 
state the result as a theorem, identical in form with the 
one found when the auxiliary conditions (2) are omitted. 

THEOREM. The sum T,(x) will converge uniformly to the 
value f(x) for n—~©, provided that 


lim «(8)/ =0. 


It is readily seen that essentially the same treatment can 
be carried through if [f(x) — T(x) in (1) is replaced by 
lf(x)— for any value of m>1; the condition for 
convergence is that limg.o w(6)/5'/"=0. The discussion can 
be further extended in various ways that need not be 
elaborated here. 

THE UNIVERSITY OF MINNESOTA 


* Cf. this BULLETIN, loc. cit., p. 261. 
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AN APPROXIMATION TO THE LEAST ROOT OF A 
CUBIC EQUATION WITH APPLICATION TO 
THE DETERMINATION OF UNITS 
IN PURE CUBIC FIELDS 


BY T. A. PIERCE 


1. Approximation to the Least Root of a Cubic. Bernoulli’s 
method of approximating the largest root of an equation 
(1) =ax?+bx+e, 
with real coefficients, is to use (1) as a scale of relation for 
the recursion formula A,=@A,n,_1+bAn-2+cAn-s. Succes- 
sive A’s are calculated starting from any initial values. 
Then for increasing values of approximates that 
root of (1) which has the greatest absolute value if that root 
is real. The method here given for approximating the least 
root of (1) is similar to Bernoulli’s. We use three recursion 
formulas 


B,=aB,-1 
C,= 


and calculate the successive A’s, B’s, and C’s starting from 
the three sets of initial values 


A » Ao) =(0,0,1) 


Ag = bA n—2+CAn-3 


(B_2, B_1, Bo) =(0,1,0) 
(C_2,C_1,Co) =(1,0,0) 


(3) 


Then the quotient 
| Ge 
Catt 
(4) 
| 


A n+1 Bas 
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for increasing values of n, approximates the root of (1) of 
least absolute value if that root is real. 

The recursion formulas (2) are linear difference equations 
and have the solutions 


, 

(5) Bn =Bitit , 

where x1, X2, x3 are the roots of (1), and where ai, B;, yx are 


determined by (5) using the initial values (3). These latter 
are readily found to be 


a= %,(%,—4,)/D a= x,(x,—%,)/D 


= ? 
, 
= 
where 
2%) 
In the quotient (4) substitute from (5) and simplify. The 
numerator becomes 


nn nn nn 
1%2( Xe %1) + x1) (41 — 


and the denominator is the same expression with y; re- 
placed by §;. 

If now the roots of (1) are such that tai] <| x9] and also 
then 


lim|—-}=0, and 
Xo | X3 


Hence if the numerator and the denominator of (4) be 
divided by x3x3 the limit as n becomes infinite is 
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(axys— asy2) 
(a28s—asB2) 
but this reduces to x; on substituting from (6). Thus our 
method is justified. 
The recursion formulas (2) may be thrown into a more 
useful form. From (5) and (6), we find 


Cara 
=X1XeX3=—C. 
n 


In a similar way the second of the following formulas is 
proved: 
(7) Bayi=bAntcAnt 
These may be written in the form 
Anyi=aA,+B, 
(8) 
Cazi=cArs 
2. Application to Units in Pure Cubic Fields. In pure cubic 
fields defined by the real root of x83—R=0, when R contains 
no square factor and when the field is one of the first species, 
i.e., R= +1 (mod 9),* a basis consists of the numbers 1, 


2/R, \/R*. All algebraic integers of the field are of the 
form 


X4+YVYR+ZVR 


where X, Y, Z are rational integers. The units of the field 
have their norms equal to +1. Hence in order to find the 
units we must solve the Diophantine cubic 

(9) X8+- R*Z3—3RXVZ=+1. 


* Dedekind, Uber die Anzahl der Idealklassen in reinen kubischen 
Korpern, JouRNAL FUR MATHEMATIK, 1900, p. 40; Sommer, Vorlesungen 
iiber Zahlentheorie, p. 261. 
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We shall obtain solutions of this equation when R is of 
certain numerical forms and in special cases obtain the 
fundamental unit of the corresponding field. 
The identity 
An-1 Bar Cr-1 
Anti Bat Cn41 = ¢ A. B, 
An+2 Bais Bass Cass 
is easily proved by substituting from (2) the values of 
Ansa, Bazz, in the left member. Hence by induction 
and from the initial values (3) we find that 
= — cnt? , 
By (7), this becomes 
A, 
Ant 
Expanding and substituting 
Anti—@An—bAn-1 


c 


An-2 


we obtain 


Angi 


4 (ac+b*) An 


In the equation x*=R, set x=y+a. The transformed 
equation is 
= 
Using this as equation (1) for calculating the A’s, B’s, C’s, 


we have 
=—3a, =—3a?, c=R-—a’. 


— 
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With these values of a, b, c (10) may be written in the form 


Hence the cubic (9) has the solution 
X= (Angi t2aA 
(11) , 
, 
This solution is integral in the three following cases. 
First, let R be of the form m*} +m. Taking a=ml, we find 
from (8) and (3) 
A,=—3ml , , A3= + m ; 
therefore for n=2 we have from (11) 
(12) X=1, Y=+3mF , Z=7F3}. 
Second, let R be of the form +1. Taking a=l, we 
obtain, for 2 =1, the solution 
(13) X=+4+P, Z=+1. 
Third, let R be of the form +3. With a=l1, we obtain, 
for n=2, 
(14) X=1, Y=+P, Z=Fl. 
If R=/+1, the unit given by (13), namely, 
n=P—UVSR+VR, 


is the square of the unit e=?/R—Il. The unit e for fields of 
the first species,* that is R4=+1 (mod 9), and therefore 
1+0 (mod 3), is the fundamental unit, all other units being 
expressible as powers of e«. When the field is of the second 
species, and 1=0 (mod 3), then e¢ is either the fundamental 
unit or the square of the fundamental unit and the latter 
alternative can occur in only a finite number of fields. 


* Nagell, Solution compléte de quelques équations a deux indéterminées, 
JourNaAL DE Matufématigues, 1925, p. 211. 
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This follows immediately from a theorem of Delaunay as 
perfected by Nagell* since e= </R—1 is of the form x+ VRy 
where x and y are solutions of x*+Ry'=1. In our case 
x=—l, y=1, R=P+1. Note that 0<e<1. Corresponding 
results hold when R=—1; then e=1—Y/R. 

When R=m'/'+m, the unit given by (12), namely, 


(VR=mi)? 


m 


R= = P41 


furnishes a solution of the equation 
(m?P+1)y?=1 , 


viz., x=—l, y=1. It is easily seen that 0<y<1. Thusf 
n=e where k=2* with n=0, 1, 2,---, and € is the funda- 
mental unit in the field k(@), 0= where m?/3 +1 =bd?. 
When mI? +1 contains no square as a factor, that is, when 
d=1, then k(0) =k(*/R®) is the same field as k (%/R). 

Moreover if m is even and m?*/?+-1 is divisible by a number 
of the form 82—1 or 8”+5, then 7 is the fundamental unit 
of the ringt (1, 0, /R). The ring reduces to the field k(+/R) 
when m?’/+1 contains no square factor and y becomes the 
fundamental unit of the field. Corresponding results hold 
when R=m']?—m; then 


=1—3mPYR + 


Tue University OF NEBRASKA 


* Nagell, loc. cit., p. 234. 
t Nagell, loc. cit., p. 249. 
t Nagell, loc. cit. pp. 252~258. 
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NOTES ON THE RATIONAL PLANE CUBIC CURVE* 


BY T. W. MOORE 


1. Involutions. The rational cubic curve in the plane can be 
defined parametrically by three equations of the type 


(1) xi=(at)* , (t=1, 2,3). 


Then any line (x) =0 will determine the binary cubic 
(2) (at) (at)*=0, 


on the curve and we have an involution of line sections. There 
is a unique binary cubic (8#)* =0, called the fundamental cubic 
of the R, apolar to each of the three cubics (1) and hence 
apolar to any line section. The condition that any three points 
of the base cubic R} be on a line is that their parameters satisfy 
the relation 


the polarized form of(6#)?=3. The roots of (6)*=0 are the 
triple points of the involution of line sections and are thus the 
parameters of the flexes. 

If we denote by, (y#)? the cubic covariant of (6#)*, then the 
polarized form of (yt)*=0 represents another cubic involution 
R,, on the base curve, of which the roots of the cubic covariant 
are triple points. These three points are the sextactic points, 
contacts of the tangents from the flexes, and consequently the 
intersections of the harmonic polars with the curve. Wingert 
has shown that this involution is determined by the contacts of 
the tri-tangent conics. The tri-tangent conics are the envelopes 
of lines joining points apolar to given fixed pairs of points of 
the base cubic. But what is more important here is the fact 
that this involution of points is also cut out of the cubic by 
the net of conics on the three sextactic points. We can see 


* Presented to the Society, May 1, 1926. 
{ R. M. Winger, this BuLLETIN, vol. 25 (1918-19), pp. 27—34. 
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this from the condition that 3m points of the curve R3 be on 
an n-ic, and here we find that the three sextactic points and 
the three points of contact of any tri-tangent conic are on 
aconic. Therefore we have the following theorem. 

THEOREM. The involution of points apolar to the cubic covart- 
ant of the fundamental cubic is determined by the net of conics on 
the sextactic potnts. 

It may be noted that the net of conics on any three points of 
the cubic R3 cut out a cubic involution. 

2. Inversion of the Curve. Let us give the flex points the para- 
meters 0, 1, ©, thus determining the sextactic points at ¢=2, 
—Tf, 4. If we write the equation of the curve referred to the 
sextactic points as reference points, we find its equation to be 


(3) 1,f=1,2,3, iXj, 
or 
(4) (x1-+22) (x2+23) (xs+21) —8xixex3=0 ; 


and its Hessian is 


3 6 
(5) 8 x:—9 >. +30x1x2%3=0 


i=1 


From the form of equation (4) it is evident that the equation is 
unchanged by the quadratic transformation x,y;=1,7=1, 2, 3. 
Hence we have the following theorem. 

THEOREM. The base cubic, when referred to the sextactic 
points as a reference triangle, is inverted into itself by the quad- 
ratic transformation x;y;=1, 1=1, 2, 3. 

This transformation interchanges the lines of the plane and 
the net of conics on the vertices of our reference triangle, or in 
other words, the two cubic involutions determined by the line 
sections and the conics on the sextactic points are interchanged. 
In this scheme of reference the unit point and unit line are the 
double point and line of flexes of the cubic respectively. In 
the inversion the line of flexes is sent into the conic N, the 
involution conic of the node, and conversely. The tri-tangent 
conics touching the base cubic in three points are transformed 
into rational quartic curves which have double points on the 
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vertices of the reference triangle and which have contact with 
the cubic at three other collinear points. 


3. A Pencil of Cubics. There is a noteworthy configuration 
connected with the cubic (4) and its Hessian. Let us consider 
the pencil of cubics 


6 3 6 
1 


of which the Hessian is a member. The cubic (4) has its double 
point at (1, 1, 1) and the triangle with its vertices at the sex- 
tactic points is known to be perspective with the triangle of flex 
tangents, the axis of perspection being the line of flexes, the 
unit line. The triangle of sextactic points is in fact perspective 
in four ways with the triangle of flex tangents and will have in 
consequence all the properties of such triangles. The lines 
joining corresponding vertices in the perspection in question 
are the harmonic polars x,—x3;=0, x3—x1=0, x1—x2=0, and 
the center of perspection is the unit point. 

Now every member of the pencil (6) has the same double 
point and the same flex points and line of flexes. Every mem- 
ber of the pencil will meet the harmonic polars in the points 
(A, (u, A, #), (u, w, A) and will have its triangle of sextactic 
points perspective with its triangle of flex tangents. Con- 
versely, for any triangle of this system of perspective triang!es, 
there is one curve of the pencil whose flex tangents are the sides 
of the triangle and another curve of the same pencil for which 
the harmonic polars meet the curve at the vertices of this 
triangle. Hence there is a perspective collineation with the 
double point (1, 1, 1) as a point of fixed lines and the line of 
flexes x;+-x2-+-x3=0 as a line of fixed points transforming the 
triangle of sextactic points of the base cubic (4) into the tri- 
angle having vertices at (A, u, (u, A, w), A). 


4. Osculants of the Cubic. For convenience we shall now give 
to the flexes the parameters 1, w, w*, thus giving the double 
point the parameters 0, ©, and we shall take the line of flexes 
and the tangents at the double point as a reference triangle. 
Then the equations of the curve R3 may be written 
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(7) m=F-1, , x3=3t. 
The map equation of the cubic is then 
(8) 
and the condition for three points of the cubic to form a line 
section 1s 
(9) 5S;=1. 

The first osculant of (7) at t=4, is, by definition, 
(10) m=4f-1, — , 
From Thomsen’s* consideration of the dual case we know that 


the Hessian H of (8) is the line equation of the osculant conic 
(10). If we polarize the Hessian //, giving 


(11) + + — =0, 


we get the net of conics on the three flex tangents. For given 
t, and ¢2 the particular conic has contact with the tangents to 
R} at t; and fz. From (10) we can get the second osculant of 
(7) with respect to ft, and fz as 


This is called the mixed linear osculant with respect to ¢, and fz 
and we see that this line meets the line ¢;/2 on the line of flexes. 
Morley{ has shown that the three mixed linear osculants of 
le,tz; ts,t1; t1,f2 meet in a point, and thus associated with any 
three points on the curve is some point in the plane, whose 
coordinates are x; =53—1, x2= —Se2, X3=51, where the s’s are 
symmetric functions of the three ?’s. On the other hand, given 
a point (x) in the plane, the points 1, fz, ts; on the curve are 
given as roots of the cubic equation 


(13) — (x1 +1) =0 


* Thomsen, Osculants of plane rational quartic curves, AMERICAN 
JOURNAL, vol. 32, p. 228. 

t F. Morley, On reflexive geometry, TRANSACTIONS OF THIS SOCIETY, 
vol. 8, p. 16. 


— 
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A given line (£) determines on R3 the binary cubic (8) whose 
Hessian points are given by H=0. To find the Hessian points 
for a given (£), consider the pencil of conics on the flex tan- 
gents and the line (£). This pencil sets up an involution of 
pairs of common lines with the base curve. Hence two conics 
of the pencil will have contact with Rj at t; and f2, one at 
each of the required points. 

Conversely, a binary quadratic on the curve, represented by 
points ¢; and fz, is in general apolar to but one line section, or 
represents the Hessian points of this line section. This line is 
the remaining common tangent of the osculant conics at 4; 
and f, and is the mixed linear osculant of t; and tg. The excep- 
tions to the rule occur when we consider the syzygetic pencils 
of binary cubics formed by the pencils of lines on the vertices 
of the triangle of flex tangents. Here both the cubic and its 
cubic covariant are line sections and every member of this 
pencil has the same Hessian. 

The osculant conic at ft, meets the cubic in four more points 
which form a self-apolar set,* and whose parameters are given 
here by 


(14) - — —40t+1=0. 


We observe that the first polars of this quartic are repre- 
sented by line sections on the point (0, —t,, 1). Hence we have 
the following theorem. 

THEOREM. The self-apolar quartic, given by the remaining 
intersections of the Rand its osculant conic at ty, has its pencil of 
first polars represented by the pencil of line sections containing 
the line of flexes and the line joining the point t, to the double 
point. 

5. Osculants of the Line Form of the Cubic. Let us investigate 
the line form of equation (7). The equations are 


(15) &=3%, f&=2P+1, 
The first osculant of (15), in line form, is 
(16) &=P+34P42, 2hP+3t+h. 


* Thomsen, loc. cit., p. 213. 
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This is a rational line cubic or point quartic curve, and is the 
parametric form of the cubic covariant J of (8).* 

The polarized form of J gives the system of all line cubics 
whose members have contact with Re at the points of inflec- 
tion, and for a given 4), fe, t3, the curve has contact with the 
tangent lines to Re at fy, f2, ts respectively. The system is given 
by the equation 

” 3 3 2 2 2 
an 282) (Erbe t 261) 
2 2 2 3 3 
+ £,£,—2£,£,)s, =0. 
The point form of (16) is 


, 
a= — , 


which is a rational quartic curve. The tangent to R} at tl isa 
double line of this quartic, having its second contact with the 
quartic on the line of flexes. It is interesting to note that the 
tangent at f; meets the base curve again at the point whose 
parameter is 1/f, and that the second contact of the osculant 
curve with this line has the same parameter value. 

This osculant degenerates when #; is a sextactic point. Thus, 
if t; = —1, the equations (16) and (18) become 


(19) , (20) v2 = (f—-1)? , 
t3= — (2+ 2t—1) (#—-1) ; 
Thus the corresponding point of inflection =1 and the square 
of the flex tangent respectively have factored out. Further- 
more this conic is a tri-tangent conic, for it has contact with 


3 
R, at the sextactic point and at the remaining flexes t=, w. 
Yate UNIVERSITY 


* Thomsen, loc. cit., p. 228. 
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COVERING THEOREMS* 
BY R. L. MOORE 


A set of segments will be said to cover a point set F in the 
Vitali sense if, for every point P which belongs to F and every 
positive number e, there exists a segment of G which contains 
P and is of length less than e. J. Splawa-Neyman has shownt 
that if, in space of one dimension, F is a closed and bounded 
point set of measure zero and G is a set of segments which 
covers F in the Vitali sense, then, for every positive number e, 
the set G contains a subset G, such that G, covers F and such 
that the sum of the lengths of the segments of the set G, is 
less than e. He cites the question, raised by Sierpinski, 
whether this theorem remains true after the removal of the 
condition that F be closed. I have recentlyf answered this 
question in the negative. Splawa-Neyman shows, by an 
example, that his theorem does not hold true for two dimen- 
sions, but makes the following statement, without proof: 

“‘Remarquons que notre théoréme subsiste pour les espaces 
4 n dimensions, s’il existe pour tout point p de F une sphére 
appartenant 4 F de rayon aussi petit que l’on veut et dont le 
centre est en p.” 

In the present paper I will show that the theorem thus 
stated, without proof, by Splawa-Neyman remains true on the 
removal of the condition that F be closed. I will also show that 
the condition that each point of F be the center of spheres of 


* Presented to the Society, in a somewhat different form, December 30, 
1924. In the abstract of this paper printed in this BULLETIN, vol. 31 (1925), 
pp. 219-220, proposition (2) is not correctly worded and, as will be shown 
below, (3) is false. 

{ Sur un théoréme métrique concernant les ensembles fermés, FUNDA- 
MENTA MATHEMATICAE, vol. 5 (1924), pp. 328-330. 

¢ Cf. R. L. Moore, Concerning sets of segments which cover a point set in 
the Vitali sense, PROCEEDINGS OF THE NATIONAL ACADEMY, vol. 10 (1924), 
pp. 464-467. 
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G of arbitrarily small radius may be replaced by a weaker 
condition. These results will be established with the aid of 
certain theorems* which may, perhaps, be of some interest in 
themselves. I will first consider these theorems. 


TuHEoREM1. If{0<k<1,e<0,andG is a set of circular regions 
all of radius greater than e and, for every region g of the set G, 
h, is a circular region, concentric with g and with a radius equal 
to k times the radius of g and H is the set of all such regions h, 
for all regious g of the set G and the sum of all the regions of the 
set G is a bounded point set, then the set G contains a finite sub- 
set G such that every region of the set H lies wholly in some region 
of the set 


Proor. Let K denote the point set composed of the centers 
of the regions of the set G. Let T denote the set of all circular 
regions /, of radius equal to (1—)e/4, such that ¢ is concentric 
with some region of the set ZH. It is easy to see that the closed 
point set K+ K’, composed of K plus its derived set, is covered 
by T. It follows, by the Borel-Lebesgue theorem, that T con- 
tains a finite subset T which covers K+K’. For each region ¢ 
of the set T select just one region of G whose center is in t and 
whose radius is greater than r,—(1—k)e/2, where r; is the 
least upper bound of the radii of all those regions of G whose 
centers are in t. Let G denote the set of all regions so selected. 
It is easy to see that every region of the set H lies wholly in 
some region of set G. 


THEOREM 2. If k is a positive number less than unity and G 
is a set of circles and there exists no positive number such that 
infinitely many circles of the set G have radit greater than that 
number and, for each circle g of the set G, h, 1s a circle concentric 
with g and with a radius equal to k times that of g, and H 1s the 
totality of all such circles h, for all circles g of the set G, then there 
exists a subset G of the set of circles G such that (a) each circle of 
the set H is within some circle of the set G, but (b) no circle Z of 


* These theorems will be stated in the terminology of space of two 
dimensions. It is easy to see however that this restriction is not necessary. 
{ By a circular region is meant the interior of a circle. 
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the set G completely encloses any circle h, of the set H, such that 
h=h, for some circle g, other than Z, of the set G. 


Proor. If for any circle g of the set G there exists another 
circle of G which is concentric with it let k, denote the largest 
circle of G which is concentric with g and let K denote the set 
of all such circles &, for all circles g of the set G. Let H denote 
the set of all circles h of the set H such that h=h, for some 
circle g which belongs to K. Clearly every circle of H either is 
identical with some circle of H or is within, and concentric 
with, some circle of H. No two circles of H are concentric with 
each other. It follows from the hypothesis that there exists a 
circle g; which belongs to the set K and which has as large a 
radius as any other circle of the set K. Let G; denote the set of 
circles consisting of g,; together with every circle of K which is 
not concentric with any circle of H which lies within g,. No 
circle of G,, except g:, encloses hg, and g; does not enclose any 
circle of the set H (except h,,) which is concentric with a circle 
of the set G;. Furthermore every circle of the set H is within 
some circle of the set G;. If G; contains any circle other than g; 
there exists, in the set G, a circle go, distinct from g; and with 
a radius as great as that of any other circle in G; except g1. 
Let Gz denote the set of circles consisting of g2 together with 
every circle of the set G, which is not concentric with any circle 
of the set H which lies within ge. Clearly g, belongs to Go. 
Continue this process thus obtaining a finite or countably 
infinite sequence of circles g1, g2, gs, - - - and acorresponding 
sequence of sets of circles G;, Ge, G3, - - - such that, if m>1, 
G, consists of g, together with every circle of the set G,_1 
which is not concentric with any circle of the set H which lies 
within g, and if G, contains any circle other than g1, go, gs, 

- Zn then isa circle belonging to G, and distinct from 
the circles g1, Z2, and with a radius as great as that 
of any other circle in G, except g1, Zo, g3, - °°, Zn, but if G, 
contains no circle other than gi, go, gs, ---, gn (i.e. if every 
circle belonging to Gr_1, except 21, 23, Zn, iS con- 
centric with some circle of the set H which lies within £n) 
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then the sequences gi, ge, g3, - - and Gi, Ge, G3, - - are 
finite and g, and G, are their last terms. The finite or countably 
infinite set of circles gi, Z3, - satisfies all the require- 
ments indicated for the set G. 


THEOREM 3. If k; and ke are positive numbers (1>k2>h:) 
and D is a bounded domain and G is a set of circular regions 
lying in D and, for every region of the set G, h, is a circular 
region concentric with g and with a radius k, times that of g and H 
is the set of all regions h, for all regions g of the set G, then there 
exists a subset G of the set G such that every region of the set H is 
contained in some region of the set G and such that the sum of the 
areas of all the regions of the set G is less than or equal to 
4A/(1—k2)?, where A ts the area of the domain D. 


Proor. For each circle g of the set G construct a circular 
region f, concentric with g and with a radius equal to kz times 
that of g. Let T denote the set of all the regions ¢, for all 
regions g of the set G. Let H, denote the set of all those regions 
of the set H whose radii are greater than or equal to 1. For 
each positive integer n, greater than 1, let H, denote the set 
of all those regions of the set H whose radii are greater than 
or equal to 1/n but less than 1/(n—1). By Theorem 1, for each 
n, there exists a finite subset T,, of the set of regions T such that 
every region of the set H, is a subset of some region of the set 
T,. Let T denote the set of regions composed of all the regions 
of all the sets T,, To, Ts, - - -. There exists no positive 
number such that infinitely many regions of the set T have 
radii greater than that number. It follows, by Theorem 2, 
that there exists a subset G of the set of regions G such that (a) 
every region of the set T is a subset of some region of the set 
G, (b) no region Z of the set G contains any region ¢ of the set 

such that t=#, for some region g, other than g, of the set 
G. For each region g of the set G let g, denote a circular region 
concentric with g and having a radius equal to the radius of g 
multiplied by (1—2)/2. Let Q denote the set of all such re- 
gions q, for all regions g of the set G. Itis easy to see that no 
two regions of the set Q have a point in common. Hence the 


i 
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sum of the areas of all the regions of this set is less than or 
equal to A. It follows that the sum of the areas of all the 
regions of the set G is less than or equal to 44/(1—k2)?. But 
every region of the set 7 is a subset of some region of the set Ly 
and therefore of some region of the set G. The truth of Theo- 
rem 3 is therefore established. 


THEOREM 4. If M is a bounded point set of measure zero and 
kis a positive number less than 1 and Gis a set of circular regions 
and for every point P of M and every positive number e there 
exists, in the set G, a region g of radius less than e and such that 
the distance from P to the center of g is less than k times the radius 
of g, then, for every positive number e, there exists a subset G of 
G such that G covers M and such that the sum of the areas of the 
regions of the set G is less than e. 


Proor. For each region g of the set G let h, denote a circular 
region concentric with g and with a radius k times that of g. 
Let H denote the set of all such regions h,. Let & denote some 
definite number between 1 and k. Suppose e is a positive 
number. Since M is of measure zero there exists a set S of 
circular regions covering M and such that the sum of the areas 
of the regions of S is less than e(1—k)?/4. For each point 
P of M there exists a circular region g belonging to the set G 
and lying in some region of S and such that P lies in the region 
h,. It follows by Theorem 3 that there exists a subset G of G 
such that each region of H is a subset of some region of G, 
and the sum of the areas of the regions of the set G is less than 
or equal to 4B/(1—2)?, where B is the sum of the areas of the 
regions of the set S. Since B is less than e(1—)?/4 it follows 
that the sum of the areas of the regions of the set G is less 
than e. 


DerFinitions. By a simple chain of segments in space of one 
dimension is meant a set C of segments such that (a) the point 
set obtained by adding together the points of all the segments 
of C is connected, (b) there exists no point which is common 
to more than two segments of C, and (c) no segment of C isa 
subset of any other segment of C. 
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By a simple chain of intervals in space of one dimension is 
meant a set C of intervals such that (a) the point set obtained 
by adding together the points of all the intervals of C is con- 
nected, (b) there exists no point which is common to more than 
two intervals of the set C, (c) no interval of C is a part of any 
other interval of C, and (d) no endpoint of an interval of Cisa 
limit point of a set of endpoints of intervals of C. 

THEOREM 5. If, in space of one dimension, G is a set of 


Segments 
intervals 


and there exists no positive number such that infinitely 


many f 
lintervals 
number then G contains a subset G such that (a) every point that 
belongs to . — \ of G belongs also to some — 
Lan interval interval 
of G, (b) G consists of a set of nonoverlapping simple chains of 
segments. 

The truth of Theorem 5, for the case where G is a set of 
segments, is established in the course of the argument given to 
prove Theorem 1 of my PROCEEDINGS paper referred to above. 
For the case where G is a set of intervals the same argument 
will apply if the word “segment” is replaced, at times by the 
word “interval” and at times by the phrase “other interval.” 


\ of the set G are of length greater than that 


THEOREM 6. If, in space of one dimension, K is a bounded 
point set of measure zero and G 1s a set of intervals such that, for 
each positive number e, each point of K belongs to at least one 
interval of G of length less than e and there exists no positive 
number such that infinitely many intervals of the set G are of 
length greater than that number, then, for every positive number 
e, G contains a finite, or countably infinite, subset G, such that G, 
covers K and such that the sum of the lengths of the intervals of G, 
is less than e and such that, furthermore, G, consists of a coun- 
table number of nonoverlapping simple chains of intervals. 

With the help of Theorem 5, Theorem 6 may be proved by 
an argument similar to that used to prove Theorem 1 of the 
above mentioned paper. 
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Splawa-Neyman indicates that his theorem becomes true 
for a point set F of measure greater than zero if the condition 
that the sum of the lengths of the segments of the set G, be 
less than e is replaced by the condition that it be less than 
m(F)-+e, where m(F) is the measure of F. Theorems 4 and 6 
of the present paper may be generalized in an analogous 
manner. The truth of this statement for the case of Theorem 6 
may be seen with the help of the fact that, under the hypothesis 
of this theorem (modified by the omission of the requirement 
that K be of measure zero), the set G contains as a subset a 
set S of nonoverlapping intervals such that (a) every interval 
of S lies in a certain predetermined domain whose measure 
exceeds the measure of F by less than e/2, (b) S covers the 
whole of F except for a point set of measure zero. The exis- 
tence of such a set S follows from Carathéodory’s generaliza- 
tion* of Vitali’s theorem. A largely similar argument holds 
good for the case of Theorem 4. 

That Splawa-Neyman’s theorem does not remain true if 
the words “‘A son intérieur’’ are omitted may be seen as follows. 
Using the notation of the example given on pages 464 and 465 
of my PROCEEDINGS paper, for each positive integer let K, 
denote the point set consisting of the left ends of all the seg- 
ments of the set G,. For each point P of K, let Ip denote the 
smallest segment of G, which has P as its left end and let Hp 
denote a set of intervals having P as their common left end, 
their right ends forming an infinite sequence of points A pi, 
Apo, Aps, - + «such that, for every positive integer j, the 
length of the interval whose end points are P and A p; is equal 
to the length of Ip divided by 2;. For each n let Q, denote the 
set of intervals composed of all the intervals of all the sets 
Hp for all points P of K,. Let Q denote the set of intervals 
composed of all the intervals of all the sets Q1, Qe, Qs, oe 
together with a set of intervals having B as their common left 
end, their right ends forming.an infinite sequence of points 
B,, Bo, B3, - - -, all lying to the right of B and such that the 


* Cf. C. Carathéodory, Vorlesungen iiber reelle Funktionen, Teubner, 
1918, p. 304. 
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distance from B; to B is equal to 1/7. Let W denote the set 
of intervals composed of all the intervals of Q and all intervals 
t such that ¢ is equal to some segment of G plus its endpoints. 
Let F denote the point set B+-K+K,+K2+K3+-- -. It 
can be seen that F is a closed point set of measure zero and 
that it is covered in the Vitali sense by the set of intervals W. 
But W contains no subset W such that W covers F and such 
that the sum of the lengths of the intervals of W exists (as a 
finite number). 
THE UNIVERSITY OF TEXAS 


THE CONVERGENCE OF A GENERAL MEAN OF 
MEASUREMENTS TO THE TRUE VALUE* 


BY E. L. DODD 


THEOREM. For positive measurements x; suppose that the 
frequency function $(x) has a positive lower bound b in some 
interval (a—k,a+k) about the true value a, and that for each 
positive r 

(1) Mm, = f , ( finite) ; mo=1. 
0 
Then there exists a continuous increasing function f(x), with 
inverse f—, such that if €>0,n>0, and 
(2) M=f-1{ Arithmetic mean of f(x;)}, i=1,2,---, 0, 
then, when n>some n’, there is a probability >1—n that 
(3) | M—al <e. 


Proor. For (3) the special condition f is 


(4) [roe dx. 


* Presented to the Society, February 27, 1926. 

{ Dodd, Functions of measurements under general laws of error, SKANDI- 
NAVISK AKTUARIETIDSKRIFT, vol. 5 (1922), pp. 133-158. Apply theorem, 
p. 135, taking Zf(x:) <nf(a+e) =n(1+8)f(a) =2; then Zf(x;)<uf(a—e). 
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If f(x) =x", (4) requires that a*’=m,. This can be satisfied 
if m,<a’ for some r; since m, is a continuous function of 1, 
and if r is large enough, 


atk 
x" dx>a’. 
a 


In any case, however, (4) can be satisfied by 
f(x) =cx’+2; s=2x—x2/a, xSa; z=a, 


because a positive c can be found satisfying ca’ +a=cm,-+g, 
where g<a, noting that zSa, and z<a inside (a—k,a) 
where $(x) =b. 

This M satisfying (3) reduces to .the arithmetic mean 
only if m,=a. 

THE UNIVERSITY OF TEXAS 


CONSECUTIVE QUADRATIC RESIDUES* 
BY A. A. BENNETT 


By an extension of the methods described in a paper to 
appear shortly in the Té6uoKU MATHEMATICAL JOURNAL, I 
have succeeded in proving that for each prime greater than 
193 there is at least one sequence of five consecutive positive 
reduced quadratic residues. The proof entails the examina- 
tion of many hundred linear forms which together include 
all primes. Since the method would prove excessively 
laborious for even the next case, that of six consecutive 
quadratic residues, the computational details seem hardly 
to warrant the space required for their complete publica- 
tion. As a result of the actual construction of a complete 
table of quadratic residues for all primes less than 331, 
we obtain the brief table subjoined. Here p denotes in turn 
each prime number, 7 denotes for the given » the maximum 
number of positive reduced quadratic residues which appear 


*Presented to the Society, October 31, 1925. 
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consecutively, while m denotes correspondingly the maximum 
number of positive reduced quadratic non-residues appearing 
consecutively. For primes of the form 4k+3, the distribu- 
tion of quadratic residues among the integers 1, 2, 3,--- 
is the same as that of quadratic non-residues among the 
integers p—1, p—2, p—3,---, so that for each prime of 
this form, r and n are necessarily equal. 

Within the limits of this list the actual irregular dis- 
tribution is fairly closely approximated by the smooth ap- 


proximate empirical relation r=n=}V p+ 20 logio p. 
Table of the number of consecutive quadratic residues 
and of consecutive quadratic non-residues: 


7 
2 4 4 °4 


3 
2 
4 


9 97 101 103 107 109 113 127 131 137 139 
24 97 5 


p=149 151 157 163 167 173 17 193 197 199 211 223 227 229 233 
r= 4 «7 6 
m= 6 7 6 


p=239 241 251 257 263 269 271 277 281 283 293 307 311 313 317 
m= 6 6 6 8 7 8 


Lenicu UNIVERSITY 


1.92 

3.2 2.-3 

p=61 67 71 73 79 83 8 

66 4°6 

6 6 6467 
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NOTE ON A PAIR OF PROPERTIES 
WHICH CHARACTERIZE CONTINUOUS FUNCTIONS 


BY C. H. ROWE 


In a paper which appeared in this BULLET:N* D. C. Gillespie 
discusses the class of functions of a single variable which share 
with continuous functions the property of never passing from 
one value to another without taking every intermediate value. 
He proves that a function of this class will be continuous 
if the set of values which it assumes an infinite number of 
times does not completely fill any interval, but he points out 
that this condition is not a necessary one. This leads us to 
ask whether we can form a condition for the continuity of a 
function of this class which is both necessary and sufficient, 
but which does not imply the continuity of a function which 
is otherwise unrestricted. An anwer to this question is given 
by the following theorem. 


Necessary and sufficient conditions for the continuity of a 
function f(x) defined in a closed interval (a, b) are the following: 

(A) If x; and x2 are any two points of the interval, f(x) takes 
each value between f(x1) and f(x2) in the interval (x1, x2). 

(B) For every value of a, the set E (f =a) t is closed. 


That these conditions are necessary is well known, and 
that (B) alone does not imply continuity is shown by the ex- 
ample of any monotone discontinuous function, not constant 
in any interval. It thus remains to prove that the conditions 
are sufficient. 

Let & be any point in the interval and € a given positive 
number. Denoting f(£) by 4, consider the sets E(f=7+e) 


* Vol. 28 (1922), p. 245. 

{ This symbol denotes the set consisting of those points of the region in 
which the function is being considered at which the function is equal to a. 

t See, e.g., W. H. Young, The Fundamental Theorems of the Differential 
Calculus, Cambridge Mathematical Tracts, No. 11, p. 7. 
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and E(f=y—e). Since each set is closed and since £ does not 
belong to either, there exists an interval (£—6, £+6) which con- 
tains no point of either set and in which, therefore, f(x) does 
not take either of the values 7+, 7—«. It follows that in this 
interval f(x) lies between n+ € and 7—e, because if, for example, 
f(x) took a value greater than n+€ at a point £’ in this in- 
terval, it would take the value y+ € at some point between & 
and &’. Hence, |f(x)—f(#)| <e if |x—£] <é. 

An obvious modification of this proof will show that we may 
replace (B) by the following less exacting condition which is 
similar in form to the condition given by Gillespie which we 
have quoted above: 

The values of a for which E(f=a) is not closed do not com- 
pletely fill any interval. 


We may also replace (B) by the following condition which 
is equivalent to (B) whether (A) is satisfied or not: 


(C) When a and B are unequal, the distance between the sets 
E(f=a) and E(f=8) ts never zero. 


By the distance between two sets is meant the lower bound 
of all possible distances from a point of one set to a point of 
the other. Hence, if (C) is true, no limiting point of the set 
E(f =a) belongs to E(f=8) unless 8 is equal to a, so that the 
set E(f=a) contains its limiting points and is closed. Con- 
versely, the fact that two closed sets are at zero distance only 
when they have a common point* shows that (B) implies (C). 

ilogous results hold for functions of several variables. 
We may state the following theorem, the proof of which pre- 
sents no difficulties: 


In order that a function f(x, y, - - + ), defined in a finite 
open region} R, may be continuous in R, it is necessary and 


* See W. H. Young, Theory of Sets of Points, p. 175. 

t Aset of points is called an open region if each of its points is an internal 
point and if any two of its points can be joined by a polygonal line consisting 
of points of the set. A closed region is an open region together with its 
frontier points. 
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sufficient that, as we move along any continuous curve (in Jor- 
dan’s sense) whose points belong to R, the function should never 
pass from one value to another without taking every intermediate 
value, and that, for every value of a, the set E(f=a) should 
contain those of its limiting points that belong to R. 


It might seem that we should have had a more natural 
generalization of our original result if we had written “closed 
region”’ instead of “open region,”* but if we had done so, the 
theorem would have been false, for our conditions would not 
have been sufficient to ensure the continuity of the function 
at points on the frontier of the region. It is easy to construct 
an example which shows this. 

Consider the two-dimensional closed region{ consisting of 
those points whose rectangular coordinates x, y, satisfy the 
two inequalities 0<x<1, 0<y<1+x+sin(1/x), together 
with the points on the line x=0 for which OSyS2. If at 
every point of this region we define a function which is equal 
to x when x>0 and to y when x=0, it will be seen that, 
although both our conditions are satisfied, this function is dis- 
continuous.at all the points on the line x=0 which belong to 
the region with the exception of the origin. 

We can however secure the sufficiency of our conditions by 
imposing suitable restrictions on the character of the closed 
region in which the function is defined. For example, our theo- 
rem is valid if R is a closed region satisfying the condition that, 
corresponding to any frontier point P of R, there are values of 6 
as small as we please such that the points of R whose distances 
from P do not exceed 6 form a set having the property that 
any two of its points can be joined by an arc of a continuous 
curve consisting of points of this set. 


Trinity COLLEGE, 
DuBLIN 


* If R were a closed region, our second condition would be equivalent 
to saying that E(f =a) is closed. 

t This region is practically equivalent to one discussed by W. H. Young 
(Theory of Sets of Points, p. 184), but its description occupies less space. 
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THE SECOND EDITION OF THE HURWITZ-COURANT 
FUNKTIONENTHEORIE 


Vorlesungen iiber allgemeine Funktionentheorie und ellipltische Funk- 
tionen von Adolf Hurwitz, herausgegeben und erginzt durch einen Abschnitt 
iiber geometrische Funktionentheorie von R. Courant. Zweite vollstandig 
umgearbeitete und vermehrte Auflage. Berlin, Julius Springer, 1925. 
xii+496 pp. Vol. LII of the series Die Grundlagen der Mathematischen 
Wissenschaften in Einzeldarstellungen. 

The first edition* of this book consisting of 1500 copies, was exhausted 
in two years. In spite of general economic conditions which greatly in- 
flated book sales in Germany, this fact is evidence of a very favorable 
reception. 

As is indicated in the title, the book consists of three parts, Part I 
dealing with the general theory of analytic functions, mainly from the 
point of view of Weierstrass, Part II, with elliptic functions, and Part ITI, 
with the theory of functions from the geometric point of view. The first 
two parts are based upon a manuscript and upon lecture notes of Hurwitz, 
and from the start have left little to be desired in arrangement and clarity. 
Accordingly, it was found that in the new edition but little change was 
desirable. Such alterations as have been made consist of improvements of 
typography, in the figures, in a reduction of a somewhat superfluous use of 
italics and numbers for formulas, and in occasional changes in the form 
of presentation. All of these bear witness to a detailed revision, and, in 
general, render the work still more readable. Two additions of several 
pages each have been made, namely, a treatment of the Gamma function, 
and some examples of the Lagrange series for a function of an implicitly 
given function. Both because of their inherent interest, and their helpful- 
ness in the comprehension of the theories they illustrate, these additions 
will be welcome. 

Part III, the geometric theory of functions, is consistently faithful 
to the Riemann point of view. It carries the reader from the discussion 
of conformality and the elementary functions to such questions as abelian 
integrals and the existence of algebraic functions corresponding to a given 
algebraic Riemann surface, the existence of automorphic functions with 
given fundamental region, the mapping of multiply connected regions, 
and the problems of uniformization. The keynote of the whole treatment 
is the use of the Dirichlet integral which appears in the basic existence 
theorems. 


* The following reviews appeared: W. Wirtinger, MONATSHEFTE, vol. 
33 (1923), p. 13; Rolin Wavre, ENSEIGNEMENT, vol. 23 (1923), p. 118; 
O. D. Kellogg, this BULLETIN, vol. 29 (1923), pp. 415-417; L. Bieberbach, 
JAHRESBERICHT DER VEREINIGUNG, vol. 32 (1924), pp. 54-55; H. Kneser, 
G6TTINGISCHE ANZEIGEN, vol. 187 (1925), pp. 87-88. 
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The task of making an exposition of these subjects modern, readable, 
and fairly compact, was by no means an easy one. Much of the material 
was to be found only in original memoirs, and its reduction to a form 
adapted to the student’s needs was here attempted for the first time. It 
is therefore not surprising that in the interim between the two editions, 
numerous ideas for improving the treatment came to the author Asa 
result, Part III has been completely recast, for the most part rewritten, 
and considerably extended. 

Specific difficulties which were encountered in the first edition have 
not, as a rule, been patched up, but eliminated by completely new modes of 
attack. A great improvement has been made in the general mapping 
theorem of chapter eight. In the new edition, all difficulties connected 
with the boundary have been separated out by the expedient of first treat- 
ing only regions bounded by a finite number of circular arcs, and then 
generalizing by considering any region as the limit of an expanding sequence 
of regions of the simpler type. This procedure is, in fact, typical of the 
skill with which the author resolves his more complicated theorems into 
simpler unitary parts, in such a way that the reader may follow the argu- 
ment with more ease and without loss of perspective. 

The material which follows the introductory portion is grouped about 
two fundamental mapping theorems. The first is the theorem of Riemann* 
to the effect that the general simply connected open region with more than 
one boundary point can be mapped on the interior of the unit circle. To 
this is attached a study of the functions which map straight line and circu- 
lar arc polygons on the upper half-plane. The second theorem, although 
present in embryo in analytic form in Riemann’s theory of abelian 
functions, ¢ was first enunciated in its full generality as a mapping theorem 
by Hilbert,f with all the essential elements of the proof, and states that 
the general region of planar character can be mapped on a slit-region 
(Schlitzbereich), i.e. the whole plane except for boundary points, with the 
property that each connected subset consists of a straight line segment 
parallel to the axis of reals. To the results and methods of this theorem are 
attached the further topics mentioned above, including a deeper penetra- 
tion into the automorphic functions. 

In the first edition, the mapping gf polygons was discussed as 
illustrating the Riemann theorem, the establishment of the theorem. 
being incidental to a more general theorem coming considerably later 
(p. 378). In giving it more prominence, the second edition makes a distinct 
improvement, for both didactic and historical reasons. Two proofs are 


* WERKE, 2d ed., Leipzig, Teubner, 1892, p. 40. 

{ Loc. cit., p. 100. 

t Zur Theorie der konformen Abbildung, G6TTINGER NACHRICHTEN, 1909, 
pp. 314-323. The last three references are supplied by the reviewer. No 
writings of Hilbert are cited in the book. The notes on the literature, 
although sufficiently copious, often have a tendency to vaguengss, and 
would be more satisfactory if they assigned to their authors more systema- 
tically credit for specific results. 
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supplied. The first, based on methods due to Koebe and Carathéodory, 
gives a particular satisfaction, since it proves a theorem in the geometry 
of analytic functions purely by the use of geometry and the immediate 
properties of such functions, and without the usual appeal to real harmonic 
functions. It is doubtful whether an essentially more elegant presentation 
could be given. The second proof, while based upon the classic foundation 
of Schwarz’ alternating process, is by no means lacking in more modern 
elements. These are due to the expedient above referred to of treating 
the general region as the limit of a set of simply bounded regions, and come 
to light in the convergence proof. 

The skill in the arrangement of the proof of the Hilbert theorem has 
already been alluded to. Asa very general existence theorem, it is inevitable 
that its establishment involves a considerable mass of detail. The author 
has given it much thought, extending over a period of thirteen years or 
more (see the footnote on page 491), and it is difficult to suggest any 
essential improvement in the admirable treatment now before us. 

Space is lacking for a characterization of the work in detail. The field 
of geometric function theory is so broad that it is not surprising that a 
reviewer of the first edition regretted omissions. The thing which is striking 
is the number of topics which do find a place in the comparatively brief 
space of 233 pages. This is made possible, in part, by the willingness of 
the author to forego, in certain places, particularly in the last chapter, 
complete generality or complete detail in proof. The effect of this policy 
is certainly to enhance the interest by reducing tedium and allowing 
greater breadth of treatment. Its danger lies in a possible obscuring of 
the importance or difficulty of the details. 

But for the most part, and in all the basic work, sufficiently complete 
proofs for the thoughtful reader are given. While the reasoning is close, 
and the results valid, it need not be surprising that in places there are 
difficulties which will trouble the student, or even throw him off the track. 
Some of these he should be on guard against, and instances follow. 

One occurs in Part I. The theorem on page 101, “‘A function which 
is regular in the neighborhood of a point a, and whose modulus is bounded 
there, is regular at this point itself,” ignores the possibility of a removable 
singularity. The proof that to a harmonic function there always corre- 
sponds a conjugate function is omitted in the new edition, although the 
fact is needed repeatedly. ? 

There is trouble on page 310. Here 8;(s), 82(s), are continuous 
functions of s, and it is stated that S *B.(s)ds vanishes with e. This looks 
innocent, and therein lies the danger, for 84(s) is also a function of y, which 
in turn, depends on e. It is true that for sufficiently small «, | B,(s) | has 
a bound independent of y, so that the result is correct. But real care is 
required to verify the fact, and a difficulty of this sort should not be 
masked. 

The high general level of clarity of the book is only occasionally im- 
paired; when it is, the obscurity is.correspondingly great.. An example is 
the treatment of the source-free flow, on page 312. -The author here 
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attempts the difficult task of explaining such a flow without contrasting 
examples or discussion of a flow with sources. He bases his concept of 
freedom from sources on the time rate of change of quantity of fluid within 
any subregion of the region G in which the flow is defined, although this 
rate must always vanish in the stationary flow of fluid with constant 
density under discussion, whether the flow be source-free or not. He takes 
over twice the space to say what could better be said somewhat as follows: 
in a source-free flow, the time rate of flow across the boundary of any 
subregion of G vanishes; this rate is measured by the integral {‘yads 
where C is the contour of the subregion and y, the component of the 
velocity in the direction of the normal; hence the integral vanishes for 
every such contour. 

The student not previously informed is likely to have trouble with 
the matter of singularities of analytic functions. Except for the absence 
of mention of removable singularities, Part I (p. 57ff.) would give satis- 
factory ideas of the singularities of one-valued functions. But in Part III 
occur a number of statements apt to cause confusion. Thus, on page 316, 
the function of f(z) =4/z is said to have a singular point at z=0, a state- 
ment apparently at variance with the definition at the end of page 358. 
The footnote on the latter page would justify the reader in inferring that 
log z had a pole at the origin. 

The compromise attempted for the concept of Riemann surface between 
a Critical one and an elementary one, cannot be described as successful. 
According to the definition (page 352, with later extensions), the Riemann 
surface belonging to f(z) is made up of “points,” which consist each of a 
value of z, and an element of the function f(z). The Riemann surface is 
thus inseparable from the function to which it belongs, so that the theorems 
on the existence of functions with preassigned Riemann surfaces lose their 
meaning. To be sure, as the author says (p. 359), Riemann surfaces can 
be defined “purely geometrically”; so the proofs of the theorems do have 
a meaning, even if based on a concept whose definition has not been finally 
given. If, for didactic reasons, it seems advisable to employ a concept 
which is not entirely adequate, why does not sound pedagogy dictate 
using a simple one, like the old notion of the plane of the variable z with 
various duplicates, passing one into another in specified ways between 
branch points, where they coalesce? 

This edition, like its predecessor, attains a high standard of typo- 
graphical excellence and accuracy. Misprints are few. On page 308, in 
the last three lines, there are two places where sp should appear in place of s. 
The formula for the linear transformation corresponding to a rotation of 
the sphere which is stereographically projected onto the plane (p. 330) 
needs attention; so does the expression for S2 in figure 119, page 461. 

It will be observed that such objections as have been mentioned above 
will not be serious for the reader who is aware of their existence, and it is 
questionable whether a student should attempt the reading of Part III 
without a fair degree of maturity. Doubtless the purpose of combining 
this material with the two earlier parts was largely to give access to the 
necessary training. If the reader comes to his task sufficiently equipped, 
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there is little doubt that he will find this presentation of the geometric 
function theory most stimulating, and that he will be eager to pursue the 
subject farther. And this is one of the highest ends a text book can attain. 


O. D. KELLoGG 


BRILL’S LECTURES ON ALGEBRAIC CURVES 


Vorlesungen iiber ebene algebraische Kurven und algebraische Funktionen. 
By Alexander Brill. Braunschweig, Vieweg, 1925. x+340 pp. R. M. 
17.50. 

The book under review embodies in final form the course of lectures 
which, for many years, Brill has given at the University of Tiibingen. As 
is well known Brill together with Noether are the twin-stars of German 
geometricians who did the important pioneer work concerning the geometry 
on algebraic curves. 

One may therefore expect that a treatise on the subject by such a man 
should contain much that is of value and of fundamental importance for 
the student of geometry and, in a wider sense, for the mathematician in 
general. 

It is true that the lectures are intended for the beginner, i.e., in American 
terminology, for the first and possibly second year graduate student. In 
other words, the student will have a fairly good start in algebraic geometry 
after he has mastered Brill’s lectures. 

It is obvious that Brill’s purpose does not aim at the comprehensiveness 
and extensive vistas of Enriques’ beautiful Leziont or Severi’s penetrating 
Vorlesungen. Brill is anxious to stress the function theoretic aspect of the 
subject more or less in the Weierstrassian spirit, and expects much from 
such a systematic treatment of the fundamental ideas of algebraic geom- 
etry. Thus, referring to the results of the Italian school and in particular 
to appendices F and G of Severi’s Vorlesungen, for which Brill has written 
such a sympathetic introductory preface, Brill expresses the opinion that 
an attempt to put Severi’s method of proof in algebraic form might turn 
out to be worth while. 

Probably the majority of academic teachers who in the course of years 
repeatedly lecture on the same topic find it advisable to make progressive 
changes in the choice of the subject matter and its method of presentation. 
This is of course as it should be if the teacher keeps track of recent advances, 
in short, if he is up to date. 

Brill states that in former years he put more stress upon the projective 
point of view, while in later years he returned more and more to the stand- 
point of the first discoverers in this field, of Descartes, Newton, Cramer, 
Euler, in so far as the graphical or geometric form relations (gestaltlichen 
Verhaltnisse) are concerned. The reviewer may be prejudiced, but he 
nevertheless regrets that the projective point of view should have been 
relegated to second or third place. 
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What Brill presents is, as one might expect, very penetrating and 
illuminating. The first part deals with the graph of an algebraic curve, in 
which continuity of rational and radical functions (Wurzelfunktionen) 
of one variable, graphical representation of radical functions, the de- 
termination of the shape of a curve from its equation, approximation 
curves for singular and infinitely distant points are discussed. Newton’s 
parallelogram and Cramer’s (also De Gua de Malves’) analytic triangle 
are introduced skillfully, and applied to effective illustrative examples. 

In the second part we find a rigorous function theoretic treatment of 
algebraic functions and its geometric interpretation for algebraic curves. 
Here Brill begins with an excursus on power series and continues with a 
study of the behavior of a curve in the neighborhood of one of its points. 
Much use is made of the so called Weierstrassian ‘“Vorbereitungssatz” 
which in the hands of Brill becomes a powerful instrument of analysis and 
by which he later proves Noether’s fundamental theorem concerning 
curves through the intersection of two given curves. By these methods is 
also shown how a reduced polynomial f(x, y) may be resolved explicitly 
into linear factors concerning y; thus 


fle, - 9 
: im! (x—a)?* 
in which the Q’s are power series. After these algebraic and function 
theoretic developments the discussion of the branches of a curve offers no 
particular difficulty. This is illustrated in a number of well chosen examples 
in conjunction with the auxiliary of the analytic triangle. It may be 
remarked incidentally, that Brill places the method of the analytic triangle 
on a rigorous algebraic basis. 

The third part deals with projectivity and duality. Among the topics 
considered under this heading are resultants of polynomials, resultants in 
irrational form, discriminants, reduced resultants of three ternary forms 
with a given common point. 

The establishment of “reduced resultants” serves as an important 
example of the theory of elimination, in which the general theory, as 
ordinarily expounded, is useless. Curiously enough, numerous geometric 
problems lead to problems of elimination for which the general theory is 
helpless. A systematic treatment of the theory of elimination with particu- 
lar reference to the important special cases which may arise would seem 
to be a very promising task for a specialist in algebra. _ 

Further chapters under part III are concerned with polars, Hessians, 
duality, projection and linear transformations, triangular coordinates and 
invariants. The well known graphical determination of perspective pro- 
jection by means of the center, the invariant axis, the line corresponding to 
the line at infinity (or the line whose corresponding line is at infinity) 
furnishes a powerful graphical method for the study of the behavior of a 
curve at its infinite points. This method is so simple and effective that it 
should be presented in any elementary treatise on plane algebraic curves. 

For the student of algebraic geometry the fourth part is by far the 
most important. Here Brill gives an account of the geometry on a curve, 
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which occasionally takes the form of a report on the essential results which 
in the course of many years have been obtained in this important field. 
The treatment is excellent and to the point. Here the reader feels the 
master Brill, the pioneer of an important geometric doctrine. 

There are only two chapters in the last part, one on birational trans- 
formations and one on point groups on a curve. As one may expect, such 
topics as birational transformations between two curves, correspondences 
between points on a curve, rational curves, equivalences for superlinear 
branches and compound singularities are discussed. In the last chapter 
we find a rigorous proof of Noether’s theorem by means of the Vorbereitungs- 
satz, the rest-theorem, linear series of point groups, series cut out by 
system of adjoints, special series, canonical series, non special series, 
algebraic functions of a class, the theorem of reciprocity, etc. 

The treatise ends with a section on algebraic curves in higher spaces, in 
which Brill touches the important mapping problem, and finally refers 
to the investigations of Italian mathematicians, who interpret algebraic 
functions on curves in higher spaces and then conversely utilize the 
results thus gained for the theory of point series. According to Brill it 
would be a promising task to cast these fruitful methods of proof in alge- 
braic form as emphasized in his Vorlesungen. 

There are very few mistakes in the-text. I shall point out two which 
are rather conspicuous. On page 210, figure 81 which illustrates Klein’s 
famous curve 

the vertices of the coordinate triangle, whose sides are the flex-tangents, 
lie off the curve, which is drawn incorrectly. On page 228, the equian- 
harmonic ratio $+44/3 appearing in the discussion of the equianharmonic 
cubic is called a cube root of unity. 

The reviewer almost regrets to be at the end of his task, because he 
should like to follow Brill in the higher realms indicated by him and to 
give an account of a few more such excellent chapters. 

But Brill, one of the remaining representatives of an important period 
of geometric development, has given enough of an algebraic, function 
theoretic treatment of algebraic geometry to stimulate the student for 
further reading and research in this direction. In this sense the book will 
be found very profitable and may be highly recommended. 

ARNOLD EmMcH 
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An Introductory Account of certain Modern Ideas and Methods in Plane 
Analytical Geometry. By Charlotte Angas Scott. Second edition with 
notes and corrections. New York, G. E. Stechert & Co., 1924. xx+ 
288 pp. 


Perhaps the most noteworthy fact about this second edition of Miss 
Scott’s book is that no change has been made in the text. It differs from 
the first edition (1894) only in the insertion of a short “‘Author’s Note” 
and five pages of ‘‘Notes and Corrections,”—in which “a few misprints 
and misleading statements have been corrected; a few proofs and discus- 
sions have been simplified: one new section has been added.” 

A review of the first edition was written for this BULLETIN by F. N. Cole 
(vol. 2, pp. 265-271). This long and careful analysis will serve to-day, as it 
served thirty years ago, as an adequate and discriminating appreciation of 
Miss Scott’s valuable book. 

E. B. CowLEy 


Design of Diagrams for Engineering Formuias and the Theory of Nomo- 
graphy. By L. I. Hewes and H. L. Seward. New York, McGraw-Hill 
Book Company, 1923. xiii+111 pp. (82 figs.) 

A number of books on graphical calculation and on nomography have 
appeared in recent years. They naturally have a good deal in common but 
still have a good deal that is not in common. The book of Hewes and Se- 
ward appears to be noteworthy for its very elaborate and careful drawings 
which should appeal to the engineer but may not appeal to the ordinary 
professor of mathematics who undertakes to teach nomography. One of 
the failures in education is that studies do not adequately interlock. For 
example, there appears to be very little, if anything, in the courses on 
mathematics in our engineering schools which interlocks with the courses 
in drawing and design. It is fortunate that the book by Hewes and Seward 
does so interlock. Its use will give students an opportunity to do careful 
drawing in connection with formulas of importance in engineering practice 
but yet with a sound logical mathematical background. A nomogram is not 
much use unless it is accurately drawn. A really useful nomogram can 
scarcely be constructed without so much of the mathematical theory as is 
given by these authors. A feature which to an observing student and in the 
hands of a good teacher should be exceedingly useful is the comparison of 
the diagrams obtained for the same formula by different constructions. For 
example, Francis’ wier formula is treated on page 11, on page 22, on page 
48, and on page 58, and the diagrams are decidedly different. Until one 
understands the possibilities of varied representations and the advantages 
of the various representations he has not learned nomography. It is to be 
hoped that on the basis of this book a good many of our engineering schools 
will work out a cooperative course between mathematics and engineering 
drawing. 

E. B. WiLson 
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La Mécanique Nouvelle, démonirée par les Principes Classiques. By Paul 

Dupont. Paris, J. Hermann, 1925. xiii+150 pp. 

In this volume the author tries to reconcile Einstein’s restricted theory 
of relativity and classical mechanics. If we could regain our former belief 
in a fixed ether, then we might accept the author’s preferred system of 
reference. If M. Dupont had defined physically his system of horloges 
rectifiés, then he might have given us a new variety of restricted relativity, 
sacrificing the constancy of the observed velocity of light to secure a linear 
transformation of uniform accelerations in going from one moving system 
of coordinates to another. Under neither hypothesis does this book achieve 


its announced purpose. CN. 


Das Lebesguesche Integral. Eine Einfiihrung in die neuere Theorie der reellen 
Funktionen. By Dr. Erich Kamke. Leipzig and Berlin, B. G. Teubner, 
1925. 151 pp. 

The purpose of this book, according to the author’s preface, is to make 
the theory of measure of point aggregates and the theory of integration 
more accessible to students than has hitherto been the case. The contents 
consist of four chapters: the first treats the general theory of point aggre- 
gates; the second treats content and measure of linear point aggregates; the 
third and longest is devoted to the measure of plane aggregates and to Le- 
besgue integrals of bounded functions of one variable; and the book ends 
with a short chapter on the integral of Perron, with special reference to 
unbounded functions of one variable. 

The writing of a book of this kind is beset by two difficulties: if detailed 
explanations are given for the sake of simplicity, the book soon expands to 
the dimensions of a treatise; if the material is condensed for the sake of 
brevity, the very person for whom it is intended finds difficulty in under- 
standing it. On the whole Dr. Kamke has succeeded in overcoming these 
difficulties and has contrived to include a surprising amount of material in 
this little book. Many of the proofs are models of brevity and clarity and 
in fact these qualities are conspicuous in most of the exposition. One ex- 
ception to this statement is the treatment of measure, which seems to the 
reviewer confusing to a beginner on account of the lack of unity in the 
various definitions and the inclusion of the Jordan theory of content. An- 
other is that the notation and the numbering of the various theorems makes 
the verification of references to previous pages troublesome. But these 
defects are far outweighed by the merits of the text. 

In conclusion it may be said that the book will be of most value to two 
classes of students: those who desire to obtain a general knowledge of 
Lebesgue integrals without mastering a course in the theory of functions of 
real variables, and those who desire a framework to be used as a basis for 
further study in the subject. The latter class will appreciate the numerous 


references to other books and periodicals. 
W. A. WILSON 
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NOTES 


The opening number of volume 48 of the AMERICAN JOURNAL OF Ma- 
THEMATICS (January, 1926) contains the following papers: Maps of twelve 
countries with five sides with a group of order 120 containing an tkosahedral 
subgroup, by H. R. Brahana and A. B. Coble; On surfaces and curves which 
are invariant under involutory Cremona transformations, by A. Emch; The 
invariant system of two associated bilinear connexes, by O. E. Glenn; Arith- 
metics of generalized quaternion algebras, by C. G. Latimer; Conditions under 
which one of two given closed linear point sets may be thrown into the other one 
by a continuous transformation of a plane into itself, by R. L- Moore. 

The December, 1925, number of the ANNALS or Matuematics ((2), 
vol. 27, No. 2) contains: Notes on the Ampére-Cauchy derived functions, 
by H. L. Smith; Note on the existence of analytic solutions of non-homogeneous 
linear q-difference equations, ordinary and partial, by C. R. Adams; Incidence 
and parallelism in biaffine geometry, by A. A. Bennett; New proofs of the 
simplicity of every alternating group whose degree is not four, by G. A. Miller; 
Symmetric tensors of the second crder whose covariant derivatives vanish, by 
H. Levy; Generalizations of the eight square and similar identities, by E. T. 
Bell; On a geometrical theory of continuous groups. \: Families of path-curves 
of continuous one-parameter groups of the plane, by B. de Kerékj4rt6; Group 
velocity and the propagation of disturbances in dispersive media, by F. Wood; 
On an expression of a minor of order two of the mth compound of a determinant 
A in terms of minors of A of order higher than m, by W. H. Metzler; The 
nullity of a matrix relative to a field, by C. C. MacDuffee; Determination of 
the ternary collineation groups whose coefficients lie in the GF(2"), by R. W. 
Hartley; On the oscillation of harmonic functions, by F. W. Perkins. 

The annual meeting of the Association Frangaise pour l’Avancement des 
Sciences will be held at Lyons, July 26-31, 1926. On this occasion will be 
celebrated the fiftieth anniversary of its foundation, and for this reason 
an unusually large and important meeting is expected. The mathematical 
section will meet under the presidency of Professor Elie Cartan; abstracts, 
ten or fifteen lines in length, of communications intended for presentation 
before this section should be sent to him at 27 Avenue de Montespan, Le 
Chesnay, Scine et Oise, by June 1, and the communications in full (maxi- 
mum three pages) by July 15. 

The Royal Academy of Sweden has appointed a committee to organize 
a celebration of the 350th anniversary of the foundation of Tycho Brahe’s 
observatory, Uraniborg, on the island of Huen, which now belongs to 
Sweden. 

The gold medal offered by the Danish Academy of Sciences for an explan- 
ation of the difference in direction of the sun’s motion as derived from radial 
and proper motions of the stars has been awarded to Mr. Harry Raymond 
and Dr. R. E. Wilson, of the Department of Meridian Astronomy of the 
Carnegie Instittition. 
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Cambridge University has awarded a Smith’s prize to L. H. Thomas, 
of Trinity College, for an essay on Kronecker’s theorem in relation to adiabatic 
invariants, and Rayleigh prizes to R. C. Cooper, of Trinity College, and 
H. Horrccks, of St. Catherine’s College, for essays entitled, respectively, 
Some inequalities applicable to the theory of functions and The effect of wind 
on tides and currents and the decay of waves in a circular basin. 

Professors Max Planck, of the University of Berlin, and Wilhelm Wien, 
of the University of Munich, have been elected members of the Bayrischer 
Maximilianorden fiir Wissenschaft und Kunst. 

Professor M. I. Pupin, of Columbia University, has received the honor- 
ary degree of doctor of laws from the University of California. 

Professor Paul Appell has been appointed French delegate at the 
International Institute of Intellectual Cooperation. 

Professor L. Picart, of Bordeaux, has been elected a corresponding 
member of the Paris Academy of Science. 

At the University of Paris the following appointments are announced: 
Professor Arnaud Denjoy, maitre de conferences of mathematics; Professor 
Jules Baillaud, full astronomer. 

M. G. Cerf, maitre de conférences at the University of Strasbourg, has 
been appointed to a full professorship of mathematics at the University of 
Dijon, replacing Professor R. Baire, who has retired. 

Dr. Samson Breuer, of the Karlsruhe Technical School, has been 
promoted to an associate professorship. 


Professor Leo Gritz, of the University of Munich, has retired. 


Dr. Hellmuth Kneser, of the University of Géttingen, has been ap- 
pointed to a professorship of mathematics at the University of Greifswald. 

Professor Ernst Pohlhausen, of the University of Rostock, has been 
appointed professor of mathematics at the Danzig Technical School. 


Dr. Julius Wellstein, of the Karlsruhe Technical School, has been 
promoted to an associate professorship. 


Dr. Robert Schmidt, of the University of Kénigsberg, has been admitted 
as privat docent at the University of Kiel. 


At Rutgers University (the State University of New Jersey) an Institute 
of Mathematics has been organized as a part of the summer session to be 
held from June 28 to August 6, 1926. The immediate work of the institute 
will be in charge of Associate Professor F. D. Murnaghan of Johns Hopkins 
University. There will be associated with Professor Murnaghan as mem- 
bers of the staff and special lecturers the following: Professor L. P. Eisen- 
hart and Mr. Alonzo Church of Princeton University, Professor E. R. 
Hedrick of the University of California, Professor H. H. Mitchell of the 
University of Pennsylvania, Professor Richard Morris of Rutgers Uni- 
versity, and Professor L. D. Haertter of University High School, University 
of Minnesota. The advanced courses to be given are as follows: By Proe 
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fessor Murnaghan: Functions of a complex variable, Modern higher 
algebra; by Professor Murnaghan and other members of the staff: Topics 
and modern theories in mathematics, Seminar and conference period. 

At the Virginia Polytechnic Institute, Professor J. E. Williams, head of 
the department of mathematics, has been appointed dean of the college. 
The following have been promoted to assistant professorships: H.C. Ahalt, 
F. S. Glassett, T. W. Hatcher, A. V. Morris. 

At the Ohio State University, Professor R. D. Bohannon has resigned 
as head of the department of mathematics, a position held by him for 
thirty-nine years. He will continue as a member of the department. 
Professor H. W. Kuhn succeeds him as chairman of the department. 
Assistant Professor J. H. Weaver has been promoted to a full professorship 
of mathematics. 

Assistant Professor Nina M. Alderton, of Mills College, has been 
promoted to an associate professorship of mathematics. 

Mr. W. C. Arnold, of DePauw University, has been promoted to an 
assistant professorship of mathematics. 

Dr. R. W. Babcock, of the University of Wisconsin, has been promoted 
to an assistant professorship of mathematics. 

Associate Professor W. J. Berry has been promoted to a full professor- 
ship of mathematics at the Brooklyn Polytechnic Institute. 

Mr. R. M. Chase has been appointed professor of civil engineering and 
mathematics at the Alaska Agricultural College and School of Mines, 
Fairbanks. 

Associate Professor E. F. Farnau has been promoted to a full professor- 
ship of physical chemistry at the University of Cincinnati. 

Associate Professor T. E. Gravatt, of Pennsylvania State College, has 
been promoted to a full professorship of mathematics. 

Assistant Professor V. G. Grove, of Michigan State College, has been 
promoted to an associate professorship of mathematics. 

Dr. Goldie P. Horton has been promoted to an adjunct professorship 
of mathematics at the University of Texas. 

Associate Professor Emilie N. Martin, of Mount Holyoke College, has 
been promoted to a full professorship of mathematics. 

Dr. R. M. Mathews, of the University of Illinois, has been appointed 
associate professor of mathematics at the University of West Virginia. 

Assistant Professor T. A. Pierce, of the University of Nebraska, has 
been promoted to an associate professorship of mathematics. 

Dr. R. G. Putnam has been promoted to an assistant professorship of 
mathematics at New York University. 

Associate Professor W. P. Russell has been promoted to a full professor- 
ship of mathematics at Pomona College. 

Assistant Professor J. H. Taylor, of Lehigh University, has been 
appointed assistant professor of mathematics at the University of Wis- 
consin. 
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Assistant Professor W. L. G. Williams, of McGill University, has been 
promoted to an associate professorship of mathematics. 

Assistant Professor C. H. Yeaton has been promoted to an associate 
professorship of mathematics at Oberlin College. 

Dr. H. Kamerlingh Onnes, emeritus professor and director of the 
physical laboratory at the University of Leyden, died February 21, 1926, 
at the age of seventy-six. 

Dr. Karl Dochlemann, professor of descriptive geometry at the Tech- 
nical School at Munich, died March 22, 1926, at the age of sixty-two. 

Professor Giuseppe Jung, professor emeritus of graphical statics and 
projective geometry at the Technical School at Milan, died January 5, 
1926, at the age of eighty. 

Professor J. Neuberg, of the University of Liége, founder and editor of 
MatueEsis, died March 22, 1926, at the age of eighty-five. 

Professor Aimé Witz, honorary dean of the faculty of sciences at the 
University of Lille, died January 25, 1926, at the age of seventy-seven. 

Professor F. N. Cole, of Columbia University, for many years Secretary 
of this Society and Editor of this BULLETIN, died suddenly on May 26, 
at the age of sixty-four. He was to have retired from active teaching 
on September 20, his next birthday. A formal acknowledgment of his 
services to this Society will be found on pages 247-248 of volume 27 
of this BuLLETIN. That volume was dedicated to him by order of the 
Council. The dedication and his portrait were published as the frontis- 
piece of the volume, attached to the issue for June-July, 1921. An extended 
account of his life and work will appear in a later issue. 
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Acostin1 (A.) e Bortototti (E.). Esercizi di geometria analitica. Parte 
1a. Bologna, Zanichelli, 1925. 

Bazié (G. E.). La posizione gnosologica della matematica. Torino, 
Fratelli Bocca, 1925. 

Biocu (W.) und Fusiserc-Horst (J.). Mathematik-Buchlein. Ein 
Jahrbuch der Mathematik. Stuttgart, Franck’sche Verlagsbuch- 
handlung, 1925. 80 pp. 

Bortovorti (E.). See Acostint (A.). 

BouLicanpD (G.). Fonctions harmoniques. Principes de Picard et de 
Dirichlet. (Mémorial des Sciences Mathématiques, No. 11.) Paris, 
Gauthier-Villars, 1926. 52 pp. 

Bromwicu (T. J. I’a.). An introduction to the theory of infinite series. 
2d edition, revised with the assistance of T. M. Macrobert. London 
and New York, Macmillan, 1926. 16+-535 pp. 

Cuaixowsky} (N.). Algebra. Part 1. (In Russian.) Prague, 1925. 

Curistesco (S.). Conception géométrique de l’espace 4 3 dimensions. 
Paris, Alcan, 1925. 24 pp. 

Cornet (C.). Lecons de mathématiques. Paris, Gauthier-Villars, 1925. 
285 pp. 

CunninGuaM (A. J. C.) and Woopatt (H. J.). Factorization of (y*+1), 
y =2, 3, 4, 6, 7, 10, 11, 12 up to high powers (m). London, Hodgson, 
1925. 19-+24 pp. 

Czwatina (A.). Archimedes. (Mathematisch-Physikalische Bibliothek.) 
Leipzig, Teubner, 1925. 47 pp. 

EIsENHART (L. P.), Riemannian geometry. Princeton, University Press, 
1926. 262 pp. $3.00 

Fasry (E.). Nouveau traité de mathématiques générales. 4e édition 
entiérement refondue. Tome 2. Paris, Hermann, 1925. 276 pp. 

Fiske (T. S.) and Lonctey (W. R.). Four-place mathematical tables. 
New York, Macmillan, 1925. 15 pp. 

(K.). See Simon (M.). 

FROUMENTY (M.). See Puivipre (P.). 

FunsLBERG-Horst (J.). See BLocu (W.). 

Grieve (A. B.). Analytical geometry of conic sections and elementary 
solids. London, Bell, 1925. 154314 pp. 

HeEFFTER (L.). Was ist Mathematik? 2te, verbesserte Auflage. Berlin, 
Th. Fisher, 1925. 161 pp. 

Heyrinc (A.). Intuitionistische axiomatiek der projektieve meetkunde. 
Groningen, Noordhoff, 1925. 95 pp. 

(G.). Gewéhnliche Differentialgleichungen. (Sammlung 
Géschen.) Berlin, de Gruyter, 1926. 159 pp. 

Howarp (H. E.). Introductory course in general mathematics. 2 volumes. 
London, Oxford University Press, 1925. 

Javetor (J.). La forme géométrique dans les réalités du monde extérieure. 
Paris, A. Maloine, 1925. 80 pp. 
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Kaye (G. W. C.) and Lasy (T. H.). Four-figure mathematical tables. 
London, Longmans, 1925. 6+26 pp. 

Lasy (T. H.). See Kaye (G. W. C.). 

Larrett (D.). The story of mathematics. London, Benn, 1926. 88 pp. 

LonGcLeyY (W. R.). See Fiske (T. S.). 

Love (C.E.). Differential and integral calculus. Revised edition. New 
York, Macmillan, 1925. 30+367 pp. 

Macrosert (T. M.). See Bromwicu (T. J. I’A.). 

von Mancovpt (H.). Einfiihrung in die hdhere Mathematik. 4te Auflage. 
Leipzig, Hirzel, 1925. 7 4-531 pp. 

Matisse (G.). Le mouvement scientifique contemporain en France. 
3-4: Les sciences physico-chimiques et mathématiques. Paris, Payot, 
1925. 

Mura (J.). Das Fermatsche Problem. Bucharest, F. Gébl, 1925. 8 pp. 

NieEtsEN (N.). Tables numériques des équations de Lagrange. Copenhagen, 
Gyldandalske Boghandel, and Paris, Gauthier-Villars, 1925. 17+- 
400 pp. 

PacoTte (J.). La pensée mathématique. Paris, Alcan, 1925. 6+4126 pp. 

Puitipre (P.) et FRoumeNtTy (M.). Cours de géométrie. Paris, Dunod, 
1925. 268 pp. 

Poitiak (L. W.). Rechentafel zur harmonischen Analyse. Leipzig, Barth, 
1926. 22 pp. 

Potin (L.). Formules et tables numériques relatives aux fonctions circu- 
laires, hyperboliques, elliptiques. Paris, Gauthier-Villars, 1925. 16+ 
862 pp. 

Russet (A. H.). Rapid calculations. London, Gregg, 1925. 224 pp. 

RutceErs (J. G.). Beknopte analytische meetkunde. Groningen, Noord- 
hoff, 1925. 8+471 pp. 

ScureK (D. J. E.). Beginselen der analytische meetkunde. Tweede 
herziene druk. Groningen, Noordhoff, 1924. 166 pp. 

Simon (M.). Nichteuklidische Geometrie in elementarer Darstellung 
bearbeitet und herausgegeben von K. Fladt. Leipzig, Teubner, 1925. 
18+-115 pp. 

StRowAL (R.). Die Grundbegriffe der reinen Geometrie in ihrem Verhiltnis - 
zur Anschauung. Untersuchungen zur psychologischen Vorgeschichte 
der Definitionen, Axiome und Postulate. (Wissenschaft und Hypoth- 
ese, Nr. 27.) Leipzig, Teubner, 1925. 137 pp. 

TrimBLE (C. J. A.). See UsHERwoop (T. S.). 

UsHERwoop (T. S.) and Triusre (C. J. A.). Intermediate mathematics 
(analysis). London, Macmillan, 1925. 12+457 pp. 

Verriest (G.). L’infini mathématique. Exposé élémentaire. Louvain, chez 
l’auteur, et Paris, Les Presses Universitaires de France, 1926. 24 pp. 

Wuiteweap (A. N.). Science and the modern world. (Lowell Lectures, 
1925.) Cambridge, University Press, 1926. 11+4296 pp. 

Witxosz (W.). Podstawy ogéInej teorji mnogosci. Warsaw, Nakladem 
Trzaski, Everta & Michalskiego, 1925. 74-279 pp. 

Woopa tt (H. J.). See Cunnincuam (A. J. C.). 
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BERNHEIMER (W. E.). See StROMGREN (E.). 

Bour (N.). Drei Aufsitze iiber Spektren und Atombau. 2te Auflage. 
Leipzig, Teubner, 1924. 6+-150 pp. 

BovasseE (H.). Propagation de la lumiére. Théorie de la réflexion vitreuse 
et métallique. Paris, Delagrave, 1925. 20+480 pp. 

Bracc (W.H.). The crystalline state. Romanes Lecture. Oxford, Claren- 
don Press, 1925. 31 pp. 

BripcMan (P. W.). A condensed collection of thermodynamic formulas. 
Cambridge, Harvard University Press, 1925. 6+-34 pp. 

FIsHER (R. A.). Statistical methods for research workers. Edinburgh, 
Oliver and Boyd, 1925. 10 +239 pp. 

Foprt (A.). Lebenserinnerungen. Miinchen, Oldenbourg, 1925. 155 pp. 

GALLE (A.). See Gauss (C. F.). 

Gauss (C. F.). Werke. Band 11, Abteilung 2, Abhandlung 1: Galle, A., 
Uber die geodatischen Arbeiten von Gauss. Berlin, Springer, 1924. 
165 pp. 

GEHRCKE (E.). Die Massensuggestion der Relativitatstheorie. Kultur- 
psychologische Dokumente. Berlin, Hermann Meusser, 1924. 108 pp. 

Gisson (C. R.). The mysterious ocean of ether. London, Blackie, 1925. 
80 pp. 

Graetz (L.). Alte Vorstellungen und neue Tatsachen der Physik. Drei 
Vorlesungen. Leipzig, Akademische Verlagsgesellschaft, 1925. 120 pp. 

GrirFitus (J. C.). See Jones (B. M.). 

Haas (A.). Das Naturbild der neuen Physik. 2te, wesentlich vermehrte 
und verbesserte Auflage. Berlin, de Gruyter, 1924. 160 pp. 

Hart (M. D.) and Smirn (W. W.). Principles of sound signalling. London, 
Constable, 1925. 5+139 pp. 

HERZFELD (A.). Der Warmeiibergang und die thermodynamische Berech- 
nung der Leistung bei Verpuffungsmaschinen insbesondere bei Kraft- 
fahrzeug-Motoren. Berlin, Springer, 1925. 

HowzinGErR (K.). Tables of the probable error of the coefficient of correla- 
tion by the product moment method. (Tracts for Computers, No. 12.) 
Cambridge, University Press, 1925. 35 pp. 

Huycens (C.). Oeuvres complétes. Tome 15: Observations astronomiques, 
systéme de Saturn, travaux astronomiques. The Hague, Nijhoff, 1925. 

Jones (B. M.) and Grirritus (J. C.). Aerial surveying by rapid methods. 
Cambridge, University Press, 1925. 164-159 pp. 

Kaman (E.). Introduzione nel calcolo dei sistemi iperstatici; il portale. 
Milano, Hoepli, 1925. 

KeIser (K.). Angewandte darstellende Geometrie insbesondere fir 
Maschinenbauer. Berlin, Springer, 1925. 163 pp. 

KIstNER (A.). Der Feinaufbau der Materie. Karlsruhe, G. Braun, 1923. 

Lams (H.). The dynamical theory of sound. 2d edition. London, Arnold, 
1925. 8+307 pp. 

Lévy (P.). Calcul des probabilités. Paris, Gauthier-Villars, 1925. 8+ 
350 pp. 
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Linker (P. B. A.). Elektromaschinenbau. Berechnung elektrischer 
Maschinen in Theorie und Praxis. Berlin, Springer, 1925. 8+304 pp. 

Lopce (O.). Ether and reality. A series of discourses on the many functions 
of the ether of space. London, Hodder and Stoughton, 1925. 179 pp. 

MapeE.unc (E.). Die mathematischen Hilfsmittel des Physikers. 2te, 
verbesserte Auflage. (Die Grundlehren der mathematischen Wissen- 
schaften, Band 4.) Berlin, Springer, 1925. 283 pp. 

Maruias (E.), editor. Traité d’électricité atmosphérique et tellurique. 
Paris, Les Presses Universitaires de France, 1924. 20+580 pp. 

Mreti (A.). Manuale di storia della scienza. Roma, Casa Editrice Leon- 
ardo da Vinci, 1925. 30+-566 pp. 

DE MoNTESSUs DE BALLORE (R.). Les courbes de Gauss dissymétriques et 
leur application 4 l’étude des phénoménes météorologiques. (Mémorial 
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